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Abstract 

Using the matrix Riemann-Hilbert factorisation approach for non-linear evolution sys- 
tems which take the form of Lax-pair isospectral deformations, the higher order asymp- 
totics as t— >±oo (x/t~0(l)) of the solution to the Cauchy problem for the modified 
non-linear Schrodinger equation, idtu+hd 2 u + \u\ 2 u+isd x (\u\ 2 u) =0, seM>o, which 
is a model for non-linear pulse propagation in optical fibres in the subpicosecond time 
scale, are obtained: also derived are analogous results for two gauge-equivalent non- 
linear evolution equations; in particular, the derivative non-linear Schrodinger equation, 
id t q+d 2 q-id x (\q\ 2 q)=0. 



AMS subject classifications. 35Q15, 35Q55, 58F07, 78A60 

PACS. 02.30.Jr, 42.81.Dp, 42.65.Tg, 02.30.Mv 

Abbreviated title. Higher Order Asymptotics of the MNLSE 

Key words, asymptotics, Riemann-Hilbert problem, solitons, optical fibres 



*E-mail: arthur@pdmi.ras.ru 



1 Introduction 

A model for the space-time evolution of the slowly- varying amplitude of the complex field 
(pulse) envelope in optical fibres in the subpicosecond time scale is the modified non-linear 
Schrodinger equation (MNLSE) Q, 

id t u + \d 2 u + \u\ 2 u + isd x (\u\ 2 u) = 0, (1) 

s€lR>o- In order to study its asymptotics in the solitonless sector as i^±oo (x/i ~ 0(1)), 
it was shown in [|| that, since its associated matrix Riemann-Hilbert (RH) factorisation 
problem does not possess the canonical normalisation, the MNLSE can be reduced to a 
gauge-equivalent non-linear evolution equation (NLEE) whose associated (solvable) matrix 
RH factorisation problem possesses the canonical normalisation: in fact, it was shown in 
that, for Q(x,t) satisfying the following NLEE, 

id t Q + d 2 Q + iQ 2 d x Q + \Q\Q\ A = 0, (2) 

with initial condition Q(x,0) GiS(IR;C) (see the beginning of Sec. 2, Notational Conventions, 
for the definition of the class S(D;C) and (•)), the function q(x, t), which is defined by the 
following gauge transformation (see Proposition 2.3) 

q(x,t) :=Q(x,t)((^- 1 (x,t;0)) n ) 2 , (3) 

with initial condition q(x,0) £tS(IR;C), satisfies the derivative non-linear Schrodinger equa- 
tion (DNLSE), 

id t q + d 2 x q-id x (\q\ 2 q) = 0, (4) 
and u(x,t), under the following (scaling and Galilean) transformation, 

u(x, t) := -i- exp{i(x - * )}g(| - x, §), (5) 



with initial condition it(i,0)s5(K;C), satisfies the MNLSE. A systematic method for the 
leading order asymptotic analysis of soliton-bearing equations (integrable in the sense of the 
inverse scattering method (ISM) ||, [|, ||]) solvable through a canonical, oscillatory matrix 
RH factorisation problem was developed by Deift and Zhou ||] (see, also, J?], |8[ [i|). Using 
the Deift-Zhou || procedure (with amendments pi]]), the following leading-order results 
were proven (in Theorems 1.1 and 1.2 below, one should keep the upper signs as t— > +oo 
and the lower signs as t — >— oo everywhere): 

Theorem 1.1 ([Q, |l0[) For \\ r \\c.°°(W- < C) :=su PAeM l r (^)l ^ ^> w ^ ere r W * s ^ e reflection 
coefficient associated with the direct scattering problem for the operator d x — U(x,t;X) (see 
Proposition 2.1), and Q(x,0) and q(x,0), respectively, 6 <S(IR;C), ast^±oo and x^^oo 

such that \ :=Lf^>M 1 (>0) and (x,t)eR 2 \n n , 



Q( X ,t) = / = fc ' y ( A °) c ^ 4A " t= F^(Ao)ln|f|+0 ± (Ao)+$ ± (Ao)+f 1 { q ( gl (Ag) In \t\ 
y 2\ t \ X Q t 

= y/±i^ e i{4A^T^(A )ln|t|+« 7 i±(Ao)+5 ± (Ao)+e±(Ao)+f} + 



C 2 (Ao)ln|t| 



where Q n , u(Xo), ^(Ao), and ^(Ao) are given in Theorem 2.2, e ± (Ao) are given in 
Theorem 2.3, with Ci^Ao) £ 5(M>j\/ 1 ;C), and, as t — > ±oo and x — ► ±oo such that 

Mo:=5\/f >A/ 2 (>0) and (x,t)£R 2 \U n , 



Q(x,t) = /=p ' y ( i w) c »i4^tT^(»Mn)ln|t|+^ ±/ (un)+$ ±, (Mn)+7r} + q( C 3 (w)ln|t| \ 
q( X ,t) = !=f e^^O^T^^o) lnlt l+^ ±, (w)+$ ±, (wi)+e ±, (W))+7r| + ^ C 4 (Mo)ln|*i y 

where U n , v(i[iQ), ^'(po), and ^'(/io) are given in Theorem 2.2, e ±/ (//o) are given in 
Theorem 2.3, and 6*3,4 (//o) 6<S(1>m 2 ; C). 
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Theorem 1.2 (@, 0) For ||r|| £oo(]R .Q :=sup AgK |r(A)| < 1 and u(x ,0) £ S (R;C) , ast- 



±oo andx^±oo such that A := y ^(f — ~) > M 3 (>0), f > sGl>o, and (x,i)eR \fl n , 



u ( x> t) = / ± !^o) e H2(A2 + ^) 2 t T! ,(Ao)ln|t|+0 ± (Ao)+* ± (Ao)+f } + q f Cfcfo) In \t\ \ 

' y 2X o st V A o* / ' 

where Cl n and ^(Aq) are aiwen in Theorem 2.4, with (^(Aq) £5(R>m 3 ;C), and, as i^±oo 



and x —> =Foo or ±00 such that juo := y |(~ — f ) > M4 (> 0), j < i, s € R>0; and (x, i) G 
M 2 \ V n , 

u (x,t) = / T ^o) c »i2(^-^) 2 fT^(^o)ln|f|+^(w)+$ ±/ (Mo)+ 7 r| , q ( C 6 Q )\n\t\ \ ^ 

where I3 n and ^^'(/xq) &re given in Theorem 2.4, and (7g(/Io) ^^(K.>M4? 

C). 



Recently, Deift and Zhou JT^j introduced a higher-order generalisation of their previous 
procedure |6j, and showed, using the defocusing non-linear Schrodinger (NLS) and modified 
Korteweg-de Vries (MKdV) equations, respectively, as their illustrative examples, how, in 
principle, to obtain the full asymptotic expansion to all orders as t^+oo (x/t~0(l)) 
for integrable systems solvable through a canonical, oscillatory matrix RH factorisation 
problem: in order to decipher the structure of the higher-order interaction of modes for the 
solution of the MNLSE in the solitonless sector as t^±oo (x/t ~ O(l)), the higher order 
generalisation of the Deift-Zhou [|ll]] procedure is applied (see, also, p2[| for some recent 
results pertaining to non-soliton solutions of the NLS equation, and |13(| for the higher 
order asymptotics of the KdV equation in the solitonless sector); moreover, even though 
specific design-related issues and/or feasibility studies for the MNLSE are not considered 
in this article, it is also instructive to consider its asymptotics in the solitonless sector as 
t — ► ±00 (x/t ~ O(l)) as it may find potential application(s) as a model for (propagation 
in) the optical fibre element used, say, in a non-linear fibre-loop mirror (whose transmission 
characteristics are intensity dependent), since such devices, when designed specifically to 
transmit the central part of a pulse and block its low-intensity wings, can compress any 
non-soliton pulse(s) Q. 

Even though the application of the higher-order generalisation of the Deift-Zhou [11] 



procedure gives a systematic justification for the asymptotic form of the solutions to 
the Cauchy problems for Eq. (2), the DNLSE, and MNLSE, unlike the NLS and MKdV 
equations, whose associated recurrence relations for the coefficients of the asymptotic ex- 
pansions are explicitly (algebraically) solvable in closed form, the following two novel 
and substantial complications, associated with the non-analyticity of the reflection coef- 
ficient, r(A) (for the direct scattering problem of the operator d x — U(x,t;X): see Propo- 
sition 2.1), at the origin of the complex plane of the auxiliary spectral parameter (A), 
are encountered: (1) ( J D m (r(A)| AeM ))| A=0 + (D m (r(\)\ x&R ))\ x=0 , where D := and 
m = 1,3, 5, . . ., in which case, there are two independent sets of constant coefficients as- 
sociated with the Taylor series expansion of the reflection coefficient about A = 0; and (2) 
(r(A)| Ag ^)|A=o = ( r (A)| Ae ,.]g)|A=o = Hi- Despite the fact that a set of recurrence relations 
for the coefficients of the asymptotic expansions of the solutions to Eq. (2), the DNLSE, 
and MNLSE as t — » ±oo (x/t ~ 0(1)) can be derived, their closed form solutions are not 
possible to obtain due to the fact that a subset of the coefficients appearing in these re- 
currence relations, associated with the two independent sets of (odd order) derivatives of 
the reflection coefficient at the origin, must be determined independently. It is shown, in 
principle, how to overcome this complication, and the next three non-trivial terms beyond 
the leading-order ones given in Theorems 1.1 and 1.2 are calculated for the solutions of 
Eq. (2), the DNLSE, and MNLSE. 

This paper is organised as follows. In Sec. 2: (1) the matrix RH factorisation problem 
for the solution of the gauge-equivalent NLEE, Eq. (2), is stated; (2) the Beals-Coifman |l4j 
formulation for the solution of a (matrix) RH problem on an oriented contour is succinctly 
recapitulated; and (3) the results of this paper are summarised as Theorems 2.2-2.4. In 
Sec. 3, the higher-order generalisation of the Deift-Zhou [11] procedure is carried out in order 
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to determine the (form of the) asymptotic expansion to all orders as t— >+oo (x/t~0(l)) 
of the solution to the Cauchy (initial-value) problem for Q(x,t), and recurrence relations 
for a few of its leading expansion coefficients are explicitly derived. In Sec. 4, a certain 
set of Ao-dependent numbers, which are expressed in terms of the two independent sets 
of the Taylor series expansion coefficients for the reflection coefficient about the origin 
of the complex plane of the auxiliary spectral parameter, are calculated, and are shown, 
in conjunction with the (first few) leading recurrence formulae derived in Sec. 3, to lead 
to linear integro-differential equations for the asymptotic series expansion coefficients for 
Q(x,t), which can — in principle — be rewritten as integral equations of the first kind, with 
Laplace transform-type kernels, whose inversion, concomitant with a (73-induced symmetry 
reduction, leads to their solution. In Sec. 5, the phase integral (Eq. (3)), ((^ / ~ 1 (x, t; 0))n) 2 , 
is evaluated asymptotically as t ^ +00 (x/t ~ 0(1)). In Sec. 6, the above asymptotic 
paradigm is briefly presented for the case when t — > —00 (x/t ~ 0(1)); furthermore, the 
results obtained in this paper constitute a formal proof of Lemmae 5.2 and 6.3.1 which 



were stated, but not proved, in [10]. 



Remark 1.1 Strictly speaking, this paper is a hybrid continuation of [g] and [1C(], and is not 
completely self-contained: theorems, concepts, definitions, and formulae from these references 
are used with minimal explanations. Even though CP 1 :=C U {00} is the standard definition 
for the Riemann sphere (the complex plane with the point at infinity), throughout this 
paper, the simplified notation C is used to denote the Riemann sphere. 

2 The Riemann-Hilbert (RH) Problem, The Beals-Coifman 
(BC) Formulation, and Summary of Results 

In this section, the (general) matrix RH factorisation problem is stated, the BC |l4|] formu- 
lation for the solution of a (matrix) RH problem on an oriented contour is briefly reviewed, 
and the results of this paper are summarised as Theorems 2.2-2.4. Before doing so, however, 
notations and definitions which are used throughout the paper are introduced: 

Notational Conventions 

(1) e a /3, a, f3 G {1,2}, denote 2x2 matrices with entry 1 in (ctj3), (e a p)ij := 5 a i^pj, 
i, j € {1, 2}-, where 5ij is the Kronecker delta; 

(2) I:=en+e22 = diag(l, 1) denotes the 2x2 identity matrix; 

(3) <7 3 :=en-e 2 2 = diag(l,-l), o\_:=e 2 i, a + :=e l2 , and cr a :=cr_+cr + ; 

(4) for a scalar w and a 2x2 matrix T, ro ad(CT3 )Y :=m CJZ Tm~ (y ' i \ 

(5) (•) denotes complex conjugation of (•); 

(6) M 2 (C) denotes the 2x2 complex matrix algebra with the following inner product 
((•,•): M 2 (C) x M 2 (C) ->C), Vffl,k M 2 (C) , (a,b):=tr(ba), and (for a G M 2 (C)) the 
norm on M 2 (C) is defined as \a\ := \J (a, a); 

(7) CP(D;M 2 (Q) := {/; f:D M 2 (C), 1 1/| | £P(D . M2(C)) := (Jd I/(0I«) 1/p < 6 
{1,2}}; 

(8) £™(D-M2(C)):={g;g:D^M 2 (C),\\g\\ Cx{D . M2{ ^ 

(9) for D an unbounded domain 0/ 1 U il, let S(D;C) (resp. 5(D;M 2 (C))) denote the 
Schwartz class on D, i.e., the class of smooth ^-valued (resp. M 2 (C) -valued) functions 
f(x):D^C (resp. F(x): .D— >M 2 (C)) which together with all derivatives tend to zero 
faster than any positive power of \x\~ l as \x\ ^00. 
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As is clear from the discussion at the beginning of the Introduction, the strategy here 
is as follows: (1) solve Eq. (2) for Q(x,t); (2) use the gauge transformation (Eq. (3)) to 
solve the DNLSE; and (3) via Eq. (5), solve the MNLSE. To recall the relations between 
the solutions of these NLEEs, the following propositions are formulated: 



Proposition 2.1 ( |15|| ) The necessary and sufficient condition for the compatibility of the 
following system of linear ODEs (the Lax pair) for arbitrary AeC, 

d x V(x, t;X) = U(x, t;X)^(x, t;X), d t ^(x, t;X) = V(x, t;X)^(x, t;X), (6) 

where 

U(x, t;X) = -iX 2 a 3 +X(Qa. +Qo + )- ^\Q\ 2 a 3 , 
V(x,t;X) =2X 2 U(x,t ] X)-iX((d x Q)a^-(d x Q)a + ) + ({\Q\ 4 ^(Qd x Q-Qd x Q))a 3 , 
is that Q(x,t) satisfies Eq. (2). 

Proposition 2.2 (|2], [ji|) Let Q(x,t) be a solution of Eq. (2). Then there exists a corre- 
sponding solution of system (6) such that *&(x,t;0) is a diagonal matrix. 



Proposition 2.3 (j2|, [TO]) Let Q(x,t) be a solution of Eq. (2) and ^(x,t;X) the correspond- 
ing solution of system (6) given in Proposition 2.2. Set ^f q (x,t;X) :=fy~ 1 (x,t;0)^>(x,t;X). 
Then 

d x V q (x,t;X) =U q (x,t)X)V g (x,t;X), d t -$ q (x,t)X) = V q (x, t;X)^ q (x, t;X), 

where 

U q (x,t;X) = -iX 2 a 3 + X(qa- + qcr + ), 



V q {x,t;X) 



-2iX 4 - iX 2 \q\ 2 2X 3 q + iXd x q + X\q\ 2 q 
2X 3 q - iXd x q + X\q\ 2 q 2iX 4 + iX 2 \q\ 2 



with q(x,t) defined by Eq. (3), is the "Kaup-Newell" JT6| Lax pair for the DNLSE. 



Proposition 2.4 (@, [T(|) Ifq{x,t) is a solution of the DNLSE such that q(x,0)eS(R;C), 
then u(x,t), defined by Eq. (5), satisfies the MNLSE with initial condition u(i,0)s5(R;C). 



Remark 2.1 A convention is now adopted which is adhered to sensus strictu throughout 
the paper: for each segment of an oriented contour, according to the given orientation, the 
"+" side is to the left and the "— " side is to the right as one traverses the contour in the 
direction of the orientation; hence, (•)+ and (•)_ denote, respectively, the non-tangential 
limits (boundary values) of (•) on an oriented contour from the "+" (left) and "— " (right) 
sides. 

Before stating the (general) matrix RH problem, it is convenient to introduce the follow- 
ing preamble: let Z d : = U^ 1 ({±Ai}U{±Aj}) andT:={X; 9(A 2 )=0} (oriented as in Fig. 1) 
denote, respectively, the discrete and continuous spectra of the operator d x — U(x,t;X), and 
a £ :=Spec(d x -U)=Z d UT (Z d nf = 0). 

Lemma 2.1 (p0|) Let Q(x,t), as a function of x ,£ S (R;C) . Set m(x, t;X) := ^f(x, t;X) exp{ 
i{X 2 x + 2X i t)a 3 y^ Then: (1) the bounded discrete set Z d is finite (card(i^) < oo); (2) the 
poles of m(x,t;X) are simple; (3) the first (resp. second) column of m(x,t;X) has poles at 

{±Xi}? =1 (resp. {±X~}f =1 ); and (4) VteM the function m(x, t;X): C \ (Z d uf ) -» SL(2,C) 
solves the following RH problem: 

a. m(x,t;X) is meromorphic V AgC\T; 
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Figure 1: Continuous spectrum T. 
b. m(x, t;X) satisfies the following jump conditions, 

m + (x,t;X) = m^(x,t;X) exp{-i(X 2 x + 2XH)ad(a 3 )}G(X), Aef, 

where 



G(A):= 



— r(X)r(X) KA)l :=M - (r(I+w+(A))) 



-r(A) 1 

r(A), i/ie reflection coefficient associated with the direct scattering problem for the 
operator d x — U(x,t;X), satisfies r(— A) = — r(A), and r(A) GiS(r;C); 

c. /or i/ie simple poles of m(x,t;X) at {^Xj}^^ and {±Xj}jL lr there exist nilpotent 

matrices {vj(x,t)a^.}jL 1 and {vj(x, tya^}^^, respectively, such that the residues, for 

1<J<-A^; satisfy the (BC [|14|) polar conditions, 

res(m(x,t;X);Xj) = lira m(x, t;X)v j(x, i)cx_, 
A-»Aj 

res(m(x, t;X);— Xj) = — o"3res(m(x, t;X);Xj)as, 
ies(m(x,t;X);Xj ) = lim_m(x,t;X)vj(x,t)a + , 

A^Aj 

ies(m(x,t;X);—Xj) = — o"3res(m(x, t;X);Xj )o"3, 

where Xj := Aj exp{|(7r — 7j)}, Aj > 0, 7j G (0,7r) ; vj(x,t) := Cj exp{2i(A^x + 2Ajt)} ; 
and Cj are complex constants associated with the direct scattering problem for the 
operator d x — U(x,t;X); 



d. as X ->oo, AG C\{Z d \JY), 



m(x,t;X) =I + 0(A- 1 ). 



Lemma 2.2 Let \ \r\ ^oo^.Q := su P^ e K l r (^)l < 1- Then: (1) the RH problem formulated 

in Lemma 2.1 is uniquely solvable; (2) ^(x, t;X) = m(x, t;X) exp{— i{X 2 x + 2XH)a 3 } is the 
solution of system (6) with 

Q(x,t):=2i lim (Xm(x, t;X)) 12 ; (7) 



A — >oo 

A e C\(z d ur) 



(3) the function Q(x,t) defined by Eq. (7) satisfies Eq. (2), and 

q(x,t) :=Q(x,t)((m- 1 (x,t;0))n) 2 (8) 
satisfies the DNLSE; and (4) m(x,t;X) possesses the following symmetry reductions, m(x,t; 
A) = (73m(i, t;— A)o"3 and m(x, t;X) =a\m(x, t;X)a±. 

Ifr(X)GS(T;C), then, for any t si, Q(x,t) (resp. q(x,t)), as a function of x ,G S (M;C) . 
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Proof. The solvability of the RH problem (formulated in Lemma 2.1) is a consequence 
of Theorem 9.3 in [lTj (Zhou's skew Schwarz reflection invariant symmetry arguments: 



see, also, p8| ) and the vanishing winding number of 1 — r(A)r(A), Jp<i(arg(l — r(A)r(A))) = 
E Ze{ > } s(/)n(/) = 0, where s(>) = -s(<) = 1, and n(>) :=card({A j ; <3(A 2 )>0}), items (2) 

and (4) can be verified via straightforward calculations, and the fact that q(x,t) (Eq. (8)) 
satisfies the DNLSE follows from Eq. (3) and the definition of m(x,i;A). ■ 

Remark 2.2 The solvability of the RH problem for H r ll£oo(f) < 1 (resp. Ikll^oo^.C) ^ 
and Zd = $ (resp. Zd^%) for sufficiently large |i| was proved in ||] (resp. fl(|). Note : the 
condition ||r|| £oo ^ < 1 which appears in |2] is restrictive, and can be replaced by the weaker 

condition IM| £oo(R;C) <l. 

Remark 2.3 The RH problem formulated in Lemma 2.1 subsumes the "full" spectrum, o~£, 
of the operator d x —U(x,t;X), namely, discrete, Zd, and continuous, T, with a£ = ZdL)T (ZdC\ 
T = 0): the leading-order asymptotics as t— >±oo (x/t~0(l)) for the solutions of Eq. (2), 
the DNLSE, and MNLSE corresponding to the "full" spectrum, a £, are given in |jicj|| ; in this 
paper, however, a somewhat different set of asymptotics is considered, namely, the higher 
order asymptotics as t— > ±oo (x/i~0(l)) of the "continuum component" (corresponding 
to r) of the solutions to these NLEEs (the so-called "non-soliton" asymptotics), and the 
"effect" of the discrete spectrum, Zd, is "felt" (or manifests itself) as Blaschke-Potapov- 
type factors 0, |H| which appear in the form of finite products multiplying the reflection 
coefficient, r(A), in the respective jump (conjugation) matrices of the "asymptotic" RH 
problems (see Sec. 4, Lemma 4.1 and Sec. 6, Lemma 6.1.1): in essence, oscillatory matrix 
RH problems will be considered |i~9|| . Loosely speaking, and abusing nomenclature, the 
higher order asymptotics as t — > ±oo (x/t ~ 0(1)) in the real plane, IR , but "off the 



soliton trajectories" |T(J are considered, namely, for arbitrarily chosen but fixed n such 
that 1 < n < N, N G Z>i, and for those 7 n G (f ,vr) (resp. 7„ G (0,§)), the following 
asymptotics are investigated: (1) for Q(x, t) and q(x, t), with Q(x,0) and q(x,0), respectively, 

G<S(R;C), (x,t)^(=Foo,±oo) (resp. (x,t)-> (±oo,±oo)) such that A := \J~^> M 1 (> 0) 



(resp. /x :=iyj >M 2 (>0)) and (x,t)eR 2 \tt n (resp. (x,t)eR 2 \U n ) (see Theorem 2.2 for 
the definitions of Q n and U n ); and (2) for u(x,t), with u(x,0)s5(R;C), (x, t) — > (±oo, ±oo) 
(resp. (x,t) — > (=foo,±oo) or (±oo,±oo)) such that A := > M 3 (> 0), f > 7, 

sGM >0 (resp. /2 :=v / ^(l-f)> M 4(>0), f <±, seK> ), and (x, t) £R 2 \n n (resp. (x,t)£ 



d2 



\U n ) (see Theorem 2.4 for the definitions of Q n and I3 n ). 



Before proceeding any further, a self-contained synopsis of the BC [14| formulation (see, 
also, |l7], |l^, |2(|) for the solution of an oscillatory matrix RH problem on an oriented contour 
is presented. The matrix RH problem on an oriented contour L consists of finding a M 2 (C)- 
valued function X(X) such that: (1) X(X) is piecewise holomorphic VAgC\L; (2) X + (X) = 
X-(X)g(X), AgL, for jump matrix Q( A): L -»■ M 2 (C); and (3) as A^oo, AgC\L, X(X) = 
l+OiX' 1 ). Writing the jump matrix in the following factorised form, G(X) := (l—w x t (A)) 1 (1+ 
wt,tW), AGL, where w^(A) G n pe{2i0o} £ p (L;M 2 (C)) (with ||«;J t (-)|| n ^^(l^C)) := 
Sjfce{2,oo} H l0 x 1 t( , )ll J cfc(2 / .jv ( f 2 (C)))5 respectively, are nilpotent off-diagonal upper/lower trian- 
gular 2x2 matrices, define w Xj t(X) :=w~ t (X)+w^ t (X) , and introduce the operator C Wx t on 
£ 2 (L;M 2 (C)) as C Wx J :=C + {f w^+C- (/«;+)', where C±: £ 2 (L;M 2 (C)) ^£ 2 (L;M 2 (C)) 
denote the Cauchy operators, (C±f) (A) := lim $ L J£~^~2~k- 

A' e± side of L 

Theorem 2.1 ([|14|) If /i(X) Gl©£ 2 (L;M 2 (C)) solves the following linear singular integral 
equation, 

(id-cw> = i, 
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where Id is the identity operator on I©£ 2 (L;M2(C)), then the solution of the RH problem 
for X(X) is 

where i,(\) = X + (\)(I+wX t (\)r 1 =X-(\)(I-w~/\))- 1 . 

From Lemma 2.2, Remark 2.3, and Theorem 2.1, the solution of the Cauchy problem 
for Eq. (2) is 

Q^t) = -i{[^J ? m-c Wxt r 1 m)^AO^ , (9) 

where yJ X! t(X):=^2 le i ± yW l xt (X), and w^ t (X) :=exp{— z(A 2 x+2A 4 i)ad(<73)}u> ± (A). 

Remark 2.4 To facilitate the reading of the results presented in Theorems 2.2-2.4 (see 
below), as well as those appearing throughout the paper, the following preamble is necessary: 
(1) MgM>o is a fixed constant; (2) the "symbols" c(z) and c s (z), respectively, which appear 
in the various error estimations are to be understood as follows, c(z) £ £°°(IR>m;C) and 
c 5 (z) € 5(R>m;C); and (3) even though the symbols c(z) and (^(z) are not equal and 
should properly be denoted as c\(z), C2(z), etc., the simplified "notations" c(z) and cr(z) 
are retained throughout since the principal concern here is not their explicit functional 
z-dependence, but rather, the functional class(es) to which they belong. 



Remark 2.5 In Theorems 2.2-2.4 (see below), one should keep the upper signs as t^+oo 
and the lower signs as t — > — oo everywhere, and, concerning the constants K,^ which appear 
in these theorems, the reader should refer to Sec. 4, Remark 4.2. 

In this paper, the following results are proven: 

Theorem 2.2 Let m(x,t;X) be the solution of the RH problem formulated in Lemma 2.1 
with the condition I l r l l/:oo(IR.-C) ^ ^ an d Q(,x,t), the solution of Eq. (2), be defined by Eq. (7). 

Then, for Q(x,0) £ S(M.;C), as t — > ±oo and x — > ^foo such that Xq := > M and 

(x,t)eR 2 \fl n , n n :={(x,t); x-4iA 2 cos 7n = 0(l)}, for those j n e^,7r), 

Q(x, t)=Q ± (x, t )+o( !&$02- ) , (10) 

where 

n U A ._ J T± * 0,t) <i,oM | »-i : 2,o(^o) i e ' T±(A ° ;t) E^o<3, 9 (Ao)(ln|f|)^ n± 130 (Ao) 

y±{X,t).- ^ 1 J±t) 1 ^372 h (±t)3/2 1 \ Li ) 

t±(zi, z 2 ):=4zfz 2 =F^(zi)ln|z 2 |, (12) 
u(z):=-^Hl-\r(z)n (13) 

«M,oW = >/#exp{i(^(«) + 8±(*) + §)}, (14) 

0+(z) = i/ o 2 ln|^-z 2 | ( iln(l-|r(e)| 2 )-i/ o oo ln|^ + z 2 |dln(l + |r(^)| 2 ), (15) 
4>-{z) = $f?hx\e-2?\dhx(l-\r{t)\ 2 ), (16) 

^(zHiaxgr^Haxgr^^^ (17) 

i(r'(0)-r'(iO))cxp{2i( 1 ?±( Z )+2^ ie 7i )} 
U-l,2,o( Z )=T * > ( 18 ) 

r'(0):=( d ^\ XeR )\ X=0 , r'(iQ):=( d -^\ x&R )\ x=0 , (19) 

= - / O g ln (l-|r(0l 2 ) | + / oc ln(l+|^)n g ^_ (z)= _Joo ln(l-k(Q| 2 ) | i (2Q) 
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i(r'(0)-r'(iO))eip{2i(* ± («)+2X;, e£ .-n)}Kf , N 

«-i,3,oW = T jfisgs ± , (21) 

„± ^^_ ^(^ i ) 2 <i.oW+K^(^) 2 {< 1 ,o(^)exp{2^ ± (,)}-n^ ( 2 )} 
n l,3,2l Z J — ■ 64z 2 ' ' 



uJ 3il (z) = ±(i T i/(z))^±(z)+^(z)exp{2^±(z)}^(z), (23) 
. f 8 "i,i,oW v a»W 1 j( ^M ) u ± ( z ) i( dv W) u ± i z \ 



,(,)(^1)< 1|0 ( Z ) 



16z 3 



± 

1,3,0 



(24) 

[z) = ±(i^v(z))S±(z)+v(z)exp{2i<p±(z)}s£(z), (25) 



f g!^l^!! > , a ^io(*\ ., e "fi ( z \ 

Mz)) 2 «± ( z ) 



(26) 



8F ' 

^(^-^(^+$±(^ + 1, (27) 
r(-) is i/ie gamma function E/eL+ : =E/In+i> : =EETi\ G C, and e(±) : = 
ry(l±l), and, as i — > ±oo and x — > ±oo suc/i i/ia£ /Uo := |y§ > an d ( x ,t) £ 1R 2 \ ^n; 
U n :={(x,t); x-4tA2 C os 7n = 0(l)} ; /or f/wse 7n€(0,f), 

Q(x, t) = Q'± (x, t)+0( ^$$T W ) , (28) 

u>/iere 

n / rx , v _ f^!g^LoM | ^Uq(w) i e<4(wt) E°=o<3>o)(H*l)« , ^UoM ( ^ 

Uj±[x,t).- ^= 1 ^ 1 ^372 \- (±t)3/2 , ^yj 

74(21; 22) :=^z\z2^v(iz\) ln|z 2 |, (30) 

!/(»*) :=-£Ml+|r(«0| 2 ), (31) 

^'l,0W = \/ I l?exp{z(^'(z) +$±'(Z) +7T)}, (32) 

0+'(z) = I/ o z ln|C 2 -zVln(l + |r(,6| 2 )-i/o O °He 2 + ^|dln(l-|r(O| 2 ), (33) 

r'(z) = Ur^\e-z 2 \dHl + \r(iO\ 2 ), (34) 

$ ±/ (^) = ^ar g r(^(^))+argr(^)T3^(^)ln2-^-2 j; arg f^Eg^g" ) , (35) 



±/ (r'(0)-r'(iO))exp{2i(tf' ± ( 2 )-2^ iei±7i )} 

X -l,2,o( 2 ) — T ^^I 3 " • 

|2\ jc lTin_IW<M2l 



(36) 

$' + (V) = Jg M!±Mil)lfl ^ 1 joo ln(l-|r(g)| 2 ) rf^ ^ joo ln(l+|r(ig)| 2 ) dg ^ ^ 



±/ i(r'(0)-r'(iO))exp{2i(^' ± (z)-2X; !6i± 7!)}«f 



-1,3,0 fcO-^ ^3 ~ , (38) 

+/ ^^_ ^(^) 2 <;,oW-K^)(^) 2 K , 1 ,oWexp{2^( 2 )}+n±; o (z)} 

uf' Al {z) = ±(i^v{iz))nf{z)-v{iz) exp{2ip' ± (z)}Kf'(z), (40) 



tt? (z) := T2*<' 3) 2 (*) ± ± =F 



16z 3 



(41) 



n± , 30 (z) = ±(i Tl ,(iz))5 o ±/ (z)-^(^)exp{22( / 9 / ± (z)}5 o ±/ (z), (42) 



9 "iio (z) n e "iioM Sl Tio (z) 

ri//,V_T,',,±' M ( — > I ( ST— ) + £ )K")»=p{2»^(z)} 

^1,3,1^; 64P 1 64P ± I6I 3 
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(v(iz)) 2 u±[ a (z) 

8F ' V 4 " 3 - 1 

V ' ± (z):=(f> ±, (z)+$ ± '(z) + ^. (44) 

Theorem 2.3 Let m(x,t;X) be the solution of the RH problem formulated in Lemma 2.1 
with the condition \\ r \\c°°(W-(£) ^ ^ an< ^ l( x >t)> the solution of the DNLSE (Eq. (4)), be 
defined by Eq. (8). Then, for q(x, 0) G <S(R;C), as i — > ±oo and x — > =F °o suc/i i/ia£ Ao := 
iy^f >M and (i,t)eK 2 \fl n , Sl n :={(x,f); x-4tA^ cosj n = 0(l)}, for those 7„G(f ,tt), 

= Q± *) exp{i arg g ± (x, , (45) 

where Q±(x,t) are given in Theorem 2.2, Eqs. (ll)-(27), and 

a rg fe (x,t)=6 ± (Ao)- V ^^^( J R r sin(K ± (C;t))- J R l cos( K± (e;t)))f 

±^^-^|/ A 7^(a ± sin( K± (e;t))-6 ± cos( K± (^i)))f 

+ i roo^KO)' , KO(^fi) KO(gfg) (^,,, (^)(y) 

± ^^ T M^ m ^ C( ^_^ + ^ K> (46) 

e ± (z):=-2 1 9±(z), (47) 

K± (z;t):=r ± (z;t)+</» ± (z) + $ ± (z) + |+e ± (z)-4 £ 71. (48) 

zei± 

i2(0):=r'(0)-r'(i0), i? r :=3?{i?(0)}, i?» :=9{i?(0)}, (49) 

a ± :=R r Xf r -R i }Cf i , b ± :=R r K.f ji +RiK.t }r , (50) 

/C±.:=3f?{/Cf}, /C±:=9{/Cf}, (51) 

and, as t — > ±oo and x — ► ±oo suc/t i/iai /Uo := > M and (x,t) £ M 2 \ U n , U n := 

{(x,t); x-4tAl cos7 n = C(l)} ; /or tftose 7„€(0,f ), 

q(x, t) = Q' ± (x, t) exp{* arg q' ± (x, t)}+ of ^y ) , (52) 
where Q'±(x,t) are given in Theorem 2.2, Eqs. (29)-(44)> and 
a r gq i ± (x,t) = e±i( f , ) + ^J™?/^(R r cos(Ki ± & 

T^^ + ^C^(a ± sin(4(C;t))-6 ± co s( 4(e;t) ) )^ 
_i_ l r ocy 4(^QO) 2 , KkK— — J 9i 2 ) I— gg— J j_ (— — K as J 

e±'(z):=-2^(z), (54) 
K / ± (z;t):=r4(z;t)+^ ±/ (z) + $ ±/ (z)+^+e ±/ (z)+4 £ 71- (55) 



Theorem 2.4 Lei m(x,t;X) be the solution of the RH problem formulated in Lemma 2.1 
with the condition \\ r \\ c°° ($L-<£) ^ ^ anc ^ n ( x >*)> ^ e solution of the MNLSE (Eq. (1)), be 
defined by Eq. (5) in terms of the function q(x, t) given in Theorem 2.3. Then, for u(x, 0) 6 
<S(R;C), as t — > ±oo and x — ► ±oo sttc/i i/tai Aq := v/^d — j) > M, f > |, s G R>o, and 
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(x,t)€W\n n , n n :={{x,t); -x+t(±-2A 2 n cosj n ) = 0(l)}, for those 7n € (f ,tt) , 



where 



f±^,r;- ^ -f (±t) -t- (±t)3/a (± t )3/2 , v° v 

f±(Ao;t):=T±(Ao;t/2), (58) 

<i,o(Ao):=^< li0 (Ao), (59) 

^-i,2,o(Ao)-Vl u -i,2,o^o), (60) 

<3,o(Ao) : =7iK3,o(Ao)-<3,i(^)ln2+n±3 i2 (Ao)(ln2) 2 ), (61) 

<3,i(Ao) := ^(<3,i(Ao)-2< 3 ,2(Ao) ln2), (62) 

^3, 2 (Ao):=7l^3,2(Ao), (63) 

^-i,3,o(Ao):= ^«ii l3) o(Ao). ( 64 ) 
%(x,t)=exp|^ e ± (\)-^/£^(i? rS m(%(^;t))-i? l co S (/? ± (e;t)))^ 

, 1 r oc V 4KO) 2 , Kg)(^f)ln(e/8) ln(2/e) (^1)^ ln(2/e) 

±2^(5) Ja ( ^^ + S* + I 3 + S 3 

(Mflu ^to ^ ^(£)( a2 % (0 ) , u, ( m«)2 

± |s ± |s =F p i^^^i-F" 

+ + ,65, 

K ± (z;t):=f±(z;t)+0 ± (z) + $ ± (z) + f+e ± (z)-4 E Ih (66) 



and, as i— > ±00 and x — ► =foo or ±00 suc/i i/tai juo := y 5(7 — f ) > M, j <\, s£ K>0; anc ^ 
(x,t)6K 2 \O n , U n :={(x,t); -x+t^ s -2A 2 n cos ln ) = 0(l)}, for those 7n G (0,f ), 

t) = «± (*, t)«5± (x, 0+o( cS ^ ) |, t|)2 ) , (67) 

u>/iere 

«±(M) = 7H + (±t) + (±7^ + (5)372 » (68) 

5^(/io;t):=74(Mo;t/2), (69) 

<i,o(Mo):=^<i,o(/io), (70) 

^1,2,0(^0) := y^-i^o^o), (71) 

<3,o(/ I o):=^K , 3,o(M)-<3a(^) ln2 + u S,2(^o)(ln2) 2 ), (72) 

(A*o) := 75 ( u ?3,i (£0) - 2n^3 2 (/2 ) In 2) , (73) 

v S,2(Mo):= -^uf' 32 (Jl ), (74) 

v -Uo(£o):=-^^i, 3 ,o(£o), (75) 



«5±(x, t) =expji(e ± 'Guo) + ^ ! J^^^(R r cos(/4(£; sin^ (£;*)))£ 
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\R(0)\ 2 i 2V2 r oo \/zgg) 



7r 2 23^g(±t) ^ (±t) 



: 2^(±t) 



1 
5 



(a ± sin(^(e;t))-6 ± cos(^(e;t)))f 



r oo/4(KiO) 2 , K*D(^)Me/8) , ^)( £ ^)ln(2/e) (^)2 ln(2/e) 
[ ? b + ? + P + f 



1 ^ ^ _i_ ^ ' * -,- (^^) ( ^ *\ ,7<?r -r- ln|t| rDQ/ (^gO 

- u ± e 3 T r MT^pt) J- I— 13- 



I 3 

K' ± (z;t):=ri(z;t)+</» ±/ ( Z ) + $ ±/ (z)+^ + e ±/ (z)+4 £ 7z- 



(76) 
(77) 



Remark 2.6 The term- by-term differentiation of the asymptotic expansions given in Theo- 
rems 2.2-2.4 will not be proven here since the proof is identical to that given in Sec. 4 of pi. 
In this paper, the proof of the asymptotic expansions for Q(x,t) and q(x,t) (resp. u(x\t)) 
is presented for the cases (x, t) — > (=Foo, ±00) (resp. (x, t) — ► (±00, ±00)) such that Ao > M 
(resp. Ao > M ) and (x,t) £ R 2 \Sl n (resp. (i,i)el 2 \fi„) for those 7 n e(|,7r): the results 
for the remaining domains of the (x, i)-plane are obtained analogously. For a recent ac- 
count of the asymptotic behaviour of non-soliton solutions of the defocusing NLS equation 
(resp. DNLSE) as t — ► +00 such that x/t ~ O(l) (resp. t — > ±00 such that x/t~0(l)) in 
weighted Sobolev spaces, see [^] (resp. {23|); furthermore, for some recent results pertaining 
to the solvability of RH problems in weighted Sobolev spaces, see [24], 



3 Higher Order Deift-Zhou Theory 

In this section, employing the higher-order generalisation of the Deift-Zhou procedure, 
the asymptotic expansion to all orders as t — > +00 and x — ► — 00 such that Ao > M for 
Q(x,t) given in Lemma 3.4 (see below) is systematically derived: hereafter, all explicit x,t 
dependences are suppressed, except where absolutely necessary. 

(3) (1) 




r (2) (4) 
\4 \A 





4 



I t 1 I (fc) ]| (fc) 

LUV «:= U ? C «:= (J 4 

fc=l fc=i fc=l 

Figure 2: 

Lemma 3.1 (H) Ski s^Ujgjg^cj.Q (Fig. 2). Ast^+oo andx^— 00 such that Xq > M , 
there exists a unique function m ? (A): C\^^SL(2,C) which solves the following RH problem: 

(1) m ? (A) is piecewise holomorphic VA€C\?; 

fiJj m ? (A) satisfies the following jump conditions, 

m%(\) =m <; _(X)v' ; {\), AS?, 

w;/iere 

^(A)| (1) (2) = I + ^ 1 ' 2) (A;Ao)(<5 + (A;A ))- 2 exp{2^(A;Ao)} f T_, 

j 3 
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« C (A)L (3) Uc (4) = I + ^f 4) (A;Ao)(5 + (A;A )) 2 exp{-2^(A;Ao)}a + , 

3 3 



^(A)L(D Uf (2) =I + 4 1 ' 2) (A;Ao)(5 + (A;Ao)) 2 exp{-2^(A;A )}a + , 
^(A)L(3). Jc (4) =I + ^ 3 ' 4) (A;Ao)(5 + (A;Ao))- 2 exp{2itp(A;A )}a_, 

je{£,-4}, p(A;A ) = 2A 2 (A 2 -2A 2 ) ; {0,±A } = {A' ; d x p(\;\ )\x=x> =0} are ifte 
order stationary phase points, 

S+(\.\ n ) -exnl V (V A ° lEQdl^A. + p° in(i-r(gHl)) rfg M 

and {7^g'' +1 ^(A;Ao),^.^ +1 ^(A;Ao),7^^' /+1 ^(A;Ao)}; e {i 5 3} are some rational functions 
which decay to zero as X^oo, AG?\Ufc £ { i g _4c}{sgn(A:)Ao}, where sgn(£>) = — sgn(^4) = 
1 and sgn(C) = 0, and have, respectively, Taylor series expansions in{\'; | A'— sgn(/c)Ao| 
<e}f]^k, k £ {B, A,C}, where e is an arbitrarily fixed, sufficiently small positive real 
number; 

(3) as A^oo, AgC\? ; 

m ? (A) = I + 0(A _1 ). 

Moreover, for arbitrary Z'eZ>i, 

Q(x,t) = 2i Hm (Am^(x,t;A)) 12 + o(^), 

with Q(x,0) £ <S(R;C), satisfies Eq. (2), and m ? (A) satisfies the following symmetry reduc- 
tions, m ? (A) = o"3?tt.' ; (— A)o"3 andm c (A) = ffim''(A)(7i. 

Analysing the signature graph of 3i(iip(A;Ao)), it was shown in that, as t^+co and 
x — ► — oo such that Ao > M, 3 e a gR>o such that — I-K' S (A)| y) o+i) ~ 

je{l,3}. 

Proposition 3.1 Set sgn(£>) = — sgn(y4.) = 1, sgn(C) = 0, and zb(Xq) = zj l (Xq) = zc{Xq)/^/2 
:= z(16Ao) -1 ^ 2 . -For j G {,6, .4, C} and A G ?j \{sgn(j)Ao}, change variables according to the 
rule A — sgn(j)Ao — > Zj(Xo)/\/t (7^ 0). T/ien as t^ +oo and x — ► — oo smc/i i/iai Ao > M, /or 
arbitrary JV„gZ>i, 



^(sgn(A;)Ao + ^) = exp{i(2A^-^llnt)ad(o-3)}F fc (z;Ao), 
y fe (z;A ):=I + e l «- 8A o z2 +^) ln2 ) ad ^)} g £ V^AoXMl + g fc (jg;A())> 



^(sgn(C)Ao + ^)):=y c (.;A )=I+e^^3)} g £ ^gffi^ +^(,;A ), 

p=0 <j=0 

fcG{Z3,.A} ; where, for 0<p<N o and 0<q<p, 

||e^^(0^3)}^ ( . ;Ao) || nie{i ^ }£!(f , uo};M2(C)) < ^ 



" f ^ A °)lln !6{li2iOO} z;i(4\{ }^(C)) -°{ (a^)(^o+d/2 

ll^(;Ao)ll n ^ c ,^^^ = ^^ (Ao)(lnt)iVo+1 



with c? k denoting the shifted and scaled version of (centred at the origin), and <^ denoting 
the scaled version of^c- 
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Proof. The case k = £?(<-> Aq) is considered in detail: the cases k = A(<-+ — Ao) and 
C (<-> 0) are treated analogously. Using the fact that I l r l l/:°o(M.-C) ^ ^ anc ^ r ^ ^ <5(T;C), 
and recalling that u(Xq) := — i ln(l — |r(Ao)| 2 ) (> 0), one expands, via an integration 
by parts argument, the integral I(Ao) := J^o Ml-KOI which appears in the expres- 

sion for J + (A;Ao) given in Lemma 3.1, and shows that, for arbitrary N Q £ Z>i, I(Ao) = 
ii/(Ao)ln|A-Ao|+E™Li(^ 1) (Ao)ln|A-Ao|+/^ ) (Ao))(A-Ao) m +0(c 5 (Ao)ln|A-Ao|(A-Ao) JV °+ 1 ), 

where 1^ (Ao) G<S(M>m;C), j'g{1,2}, l<m<N ; furthermore, one expands p(X;Xo) given 
in Lemma 3.1 in a Taylor series about Ao and shows that p(X;Xo) = — 2Ao + 8Aq(A — Ao) 2 + 
8Ao(A — Ao) 3 + 2(A — Ao) 4 . Now, using the expressions for u ? (A)| yv y+i), j G {1,3}, given 

in Lemma 3.1, expanding TZq ' (A; Ao), J G {1,3}, in Taylor series' about Ao, and re- 
calling the above expansions for I(Ao) and /?(A;Ao), one makes the transformation (shift 
and scaling) given in the Proposition, A — Ao = z(16Aoi) -1 ^ 2 (/ 0), and obtains the re- 
sult for v q (Ao + ^(16Aot) -1 ^ 2 ) stated in the Proposition by expanding in reciprocal powers 
of (A 2 t)^ : the estimates for ^-Wr+WMM^vfa.., 

and I \£ b (-;Xq)\ L rU mm %, ^Ts-, are a straightforward, but onerous, generalisation of 

those given in the proof of Lemma 4.1 in pi. Recalling the expressions for i> ? (A)| y) y + i) , 

j G {1,3}, I G {^4,C}, given in Lemma 3.1, and noting that, in the case of the first-order 
stationary phase point at the origin |§], (r(A) | As ^)|a=o = ( r (A)| Ag i j^)U=o = 0, proceeding 
analogously as indicated above, one obtains the results stated in the Proposition. ■ 

Definition 3.1 Let jV(«;M2(C)) denote the linear vector space of bounded linear operators 
acting from U pe{2i0o} /7(«;M 2 (C)) into £ 2 («;M 2 (C)). 

Proposition 3.2 As t^+oo and x— >— oo such that Xq>M, for arbitrary N Q G Z>i, 
(C wk f)(w;X )= E £ { ^{C k p J){w-M) + {8 k f){w-M), 

p=0q=0 

(C w cf)(w;X )= E E ^(ccj)(wM + (£ c f)(ti-,x ), 

p=0q=0 l 

k£{B,A}, where, for 0<p<N o and0<q<p, 

W C p,q\ Wfc\{0};A/ 2 (C)) < 00 ' H C P.3ll^\{0};Af2(C)) < °°' 

||?fc|| ^ - r o ^ S (Ao)(lnt)^+A ii^Cii ^ _ f1 f c(Ao)(ht) w °+ 1 

H C IW(^\{0};M 2 (C)) _ (\p)(Ko+i)/2 Ji \\ c Ma/-(4\{0};M 2 (C)) ~ \ (Agt)^+3/ 2 

Proof. The case &; = £> (<-> Ao) is considered in detail: the cases k = A (<-> — Ao) and C (<-^0) 
are treated analogously. Recalling the BC |l4| formulation (Theorem 2.1 and the paragraph 

superseding it), and setting w^ t (z) := w^^(z) = V b {z;Xq) — I and w~ t (z) := w x \(z) = 
(for the justification of this last step, see |20[| , pp. 293-294, Proof of Theorem 3.14 and 
Proposition 1.9, and ]2l}j), where the superscript £> refers to the first-order stationary phase 
point at Ao, the operator C Wx t := C w b on z G ?g\{0}, for arbitrary f{z) G U ie .r 2)00 iX'(<^ \ 
{0};M2(C)), is represented as 

(C wB f)(w;X ) = C-(f(V B (z;X )-I))= lim / flSKggg^ jfc 



u/e-sideof<;' \{0} ? s\{°^ 



itr — hi; 

hence, using the expression for V B (z;X ) given in Proposition 3.1, defining, for 0<p<N o 



and 0<q<p, with iV eZ>i and arbitrary, 



(<7*/)(ffi;Ao):= lim. / ^ ra 



u/ — no \ j0 \ 

w'e-sideoh' \{0} BNl J 
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(^/)(^;A ):= lirn J 



u/e-sideofi;' \{0} 



(£-w') 2m ' 
^\{0} 



and using the estimates for || e *(-^(0 2 +KAo)in(0)ad(<>s)}jrB (-;Ao)|| njg ia \{o}-M 2 (C)) 
and | |<S B (-;Ao)| | n; ia } £'( f ' \{o}-A/ 2 (C)) §i ven m Proposition 3.1, one obtains the results 
stated in the Proposition. For the cases k = A Aq) andC (<-»0), one proceeds analogously 
as described above, except with the following definitions: 

(CA/)(w;Ao):= M /^''-*-^" "'W .8L, 

V 



tu'e-sideof^ ,\{0} ^ 



ti i'e-aidoof^\{0} c Nl J 

(^/)(S;Ao):= lim J 



(£-w') 2ni ' 

. ' . \ ! I I ! 

'6-sideof.;' \{0} 

(^/)(^;A ):= hrn / 
, d\{0} 

iu'6-sideof^\{0} c 

where, for z E ^\{0}, f(z) € U, 6{2>oo} £'(^\{0};M a (C)), and, for z G <£\{0}, /(z) G 
U, 6{2>ooh C'(^\{0};M 2 (C)). ■ 

Lemma 3.2 (H) ^4s i — > +oo and x — > — oo swc/t i/iaf Ao > M, 3eo (Ao) € IR>cb with 
eQ (Ao)<oo, k£{B,A,C}, such that 

\\(ld k - C§ j0 (S Ao)) -1 1 lj\T(^\{0};Af 2 (C)) - £ 0,o(Ao), 
where Id k denotes the identity operator on U pe { 2oo }£ p (<^\{0};M 2 (C)). 

Remark 3.1 More explicitly, it was shown in [|j that, as t^+oo and x^—oo such that 
A >M, eg i0 (Ao)=c(Ao)(l-||r|| £00(M;C) )- 1 , ke{B,A,C}. 

Definition 3.2 For some unbounded domain (open simply-connected set) DcC and a 
M 2 (C)-valued function F(-), the "notation" \\F(-)\\ Upe{2 ^ }CP{D . M2{ C))^c*(D-,M 2 (C)) is to 
be understood as follows: (1) F: U pe{2 oo} £P(Z?;M 2 (C)) -^£ 2 (Z?;M 2 (C)); and (2) the norm 
is taken as (ll^(oo)||^ (D;A/2(C)) + ||F(0-F(oo)|| 2 2(D;M2{C)) )V 2 . 

Proposition 3.3 As i^+oo and x^—oo such that Xq>M, for arbitrary N eZ>i, 

H (w,A ) - 1 + E E ^72 1" fc M l^;AoJ, 

p=0 g=0 

„, s 2 w ° P if, (w:X )(\nt)i ~ r , 

Lf(w-M)=i+ E E S """W +^(^;A ), 

p'=l p=0 q=0 ' 

.A} ; where, for l<p' <2, 0<p<N o , and0<q<p, 

llMp, q (sAo)|| Uig{2 ^ }£i(f , Uo};M2( Q H£2(f , A{0};M2( C)) < °°, 

ll/^^p,g(-; A o)ll U;g{2ioo}£i(f , uo};M2( C))^£2 ( ,/ UO} . M2( C)) < °°> 

\\pkf ,\ \]\ _n( c' S (Ao)(lnt) JV °+ 1 

I IS l"> A o;| l U!e{2iOo} £i(c;\{0};M 2 (C)H£2(^\{0};M 2 (C)) ~ U \ (Agt) w,+1 > /2 

McC/.x^ll /pf c(A )(lnf) JV °+ 1 

II>^' a °^Iu !6{2]00} ^(^\{o};m 2 (C))^z;2 ( ^\ { o }; m2(C)) (Apra^ 



15 



Proof. For ke{B,A,C}, define n k (w;X ) := (Id k -C w k(w;X ))~ 1 l, where Id fc denotes the 
identity operator on U pg { 2iOO }X p (^\{0}; M2OC)). Since, from Lemma 3.2, as and 

x— > — 00 such that Ao > M, 3 e$ (Ao) £K>o with eg o(Ao) <co such that 

ll(l£ifc — ^o.oCsAo))- 1 !!^^^ _ > ^ i( ^ X{0>;A ^ ((C)) _^ 2( ^ X{0> . A ^ ((C)) <e§ 5 o(A ), 

the results stated in the Proposition follow from those given in Proposition 3.2, via the 
method of successive approximations, by expanding {M fe (^;^o)}fce{i3,^,C} i n von Neumann- 
type series' as t— >+cc (x/i~0(l)) (see, also, Part II of ||). ■ 

Definition 3.3 Let {m\,{X)}^^ji l c} denote the solutions of the corresponding RH prob- 
lems on {^(A)| ( P ) ( p+ i),<^} p6 {i,3} , and {mS {w)} ke r B _4 C i denote the solutions of the 

*>fc U? fc k£{B,A,C} ' ' 

associated RH problems on {u c (w)\ ,(„) , {p+1 ),q' k } pG {i,3} 

^1. ■ 



ke{B,A,C} 



Proposition 3.4 As and x— >— 00 smc/i i/iai Ao>M, /or arbitrary A^ gZ>i, 

TO |(A) = I + el {(4A^-,(Ao)ln*)ad( CT3 )} g £ <,(*A°)0nt)« + ^( A ;A ), 

p=l 9 =0 

,- , s 1 JV p-1 m c , (A;A )(lnt)« „ / 

/ce{23,.4} ; when, for 0<j/<1, l<p<N Q , andO<q<p-l, 

W m P, q (-M\\coo { C\, k ;M 2 (C)) < °°> ll m P',P,g(-; A o)ll£ o ( C\ fc; M 2 (C)) < °°> 



ll^(-;Ao)ll £ ^ ( c\ ffe;M2 (C)) - °(]ApiWW 

IpC f.\ Ml _/o/" c(A )(lnt) JV 



2 ) ! 

No ' 



Proof. From Theorem 2.1, Lemma 3.1, the change-of-variable rule in Proposition 3.1, 
and the proof of Proposition 3.2, it follows that, 

m |(A) = eH( 4A o*-^ A o)lnt)ad(a 3 )} m ?'(( 16A 2 t )l/2 (A _ sgn (fc)A )) 

- T + p5{( 4A o*-KAo)lnt)ad(<73)} r ^ fe (g;Ao)(y fc (g;A )-I) dg 

n«^U/2r U , tu u «-(16A^)V2(A-sgn(A ; )Ao)) 2«' 
(16Agi) 1 /2( <rfe \{ sgn (fc)A }) 

m ?/n _ rr ,?V/'ox2^i/2\\ _ t, r M c (g;A )(v; c (€;Ao)-l) 

(8A^)V2 (fc \ { o } ) " ; 

fc 6 {i3, .4}, with sgn(i3) = — sgn(_4) = 1. The results stated in the Proposition now follow from 
the asymptotic expansions given in Propositions 3.1 and 3.3, and the following geometric 
progressions, (C-(16A^) 1 /2( A -sgn(A;)Ao))- 1 = -Ei 6 Z >0 ^(( 16A o*) 1/2 (A-sgn(fc)A ))-^ 

and tt-CSAgO^Ar^-E^^CCSW^A)-^ 1 ). " ■ 

Let Sfc be sufficiently small, counter-clockwise-oriented, mutually disjoint oblongs cen- 
tred at sgn(/c)Ao, k G {£>, A, C}, where sgn(£>) = — sgn(^4) = 1 and sgn(C) = (see Fig. 3). 

Corollary 3.1 As t — >+oo and x— >— 00 such that Xq>M, for arbitrary N £l*>i, 

\\ m p, q (-M\\ C ^(s k .M 2 (C)) < °°> H m p',P,g(-; A 0)ll£-(S c ;M 2 (C)) < °°' 

\\F k ( -\ )\\ « - ^(Ao)(lnt)^ 

IWV ' A 0>*ll/:«>(E fc ;iW2(C)) ~~ ^ (Agi)< iv °+ 1 )/ 2 

ll^(-;Ao)|| £ oo (Sc . M2( C)) = ("(Af/)~ +i )' 

where ke{B,A}, 0<p'<l, l<p<N 0) and 0<q<p-l. 
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I I (fe) 





?s:= U S 



Figure 3: 

Proof. Since, from Lemma 3.1, the solution of the RH problem (m ? (A), t> ? (A), is 
bounded, i.e., 1 1 77 ^ 5 (•) 1 1 ((C\?-Af 2 (C)) ^ 00 ' ^ e resm *s stated in the Corollary are an im- 
mediate consequence of Proposition 3.4. ■ 

Following Eqs. (2.38) and Remark 2.49 in ||11||, make the following definition (see Fig. 4): 



Definition 3.4 Set 

m~(A) := 



m ? (A), AGC\ U (mtE k UE k ) 

ke{B,A,C} 

m t (A)(m^(A))- 1 , AeintH fc . 



Lemma 3.3 Set E'-=^i^{b,A,C}^1- As t^+oo and x— >— 00 suc/j that Xq>M, there exists 
a unique function m a (A): C\H^SL(2,C) which solves the following RH problem: 

(1) m~(A) is piecewise holomorphic VAeC\3; 

(2) m =J (X) satisfies the following jump conditions, 

Wf(A) = m^(A)u ,= '(A), A G 3, 

where, for l£{B,A,C}, 

v S (\)\ Sl ■= (^(A)r 1 ^(A)| Hi = K(A))- 1 ; 

(ty as A^oo, AeC\3, 

m s (A) = I + 0(A _1 ). 

Moreover, for arbitrary i'£Z>i, 



Q(x, i) = 2i lim (Am H (x, i;A))i 2 + O 



X — >-oa 

asC\h 



c(A ) 



with Q(x,0) 6<S(M;C), satisfies Eq. (2), and mr{\) satisfies the following symmetry reduc- 
tions, mr{X) = o"3m = (— A)c3 and m = (A) = crim~(A)o"i. 

Proof. Follows from Lemma 3.1, the fact that m5_(A) = mi(A) = m ? (A) V AeC\<r, and 
the definition of m = (A). ■ 

Definition 3.5 Let i,j,ke{B,A,C}. For i^j^k, set 

mj(X), A £ Ei, 



m\{X) := 



L 



AeH.u 



Proposition 3.5 The operator C w s for the inverse problem on 3 is given by 

C w a(A;A ) = E ^ H (A;A ), 
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v B (X)\ SA = (m^(X))- 1 



v a (X)\s c =(ml(X))- 1 
Figure 4: 

where, for any /G U pe{2i0o} £ p (~;M 2 (C)) and Jf/Y / Zg {B, A, C}, 



„=(A)| SB = (m^(A))- 1 



(X S /)(A;A ) 
and, for arbitrary A r „GZ>i, 



0. 



iV 



M*(A;A )=I+E E X=(A;A ) +^(A;A ), 



with 



' ;A0 ^lu ie{2jOo} z;HS;M 2 (C))^(3;M 2 (C)) - ^ V ( A o*) (Wo+1)/2 







c(A )(lnt)^° 



Proof. From Theorem 2.1 (and the paragraph preceding it: the analogue of the BC 
| |i"4| ] operator C TOa . t on S, denoted here as C w s), Lemma 3.3 (the expression for f~(A)|= ; , 
I G {B,A,C}), Definition 3.5, and setting {w^ (A)}^^^} = an d (A) = v^(X)\s k — 
I = (m^.(A)) _1 — I, G {i3,.A,C}, one obtains, from the asymptotic expansions given in 
Corollary 3.1, the expressions for C w ~(X;Xo) and (X"/)(A;Ao), X £{B,A,C}, given in the 
Proposition: now, using the method of successive approximations, one expands, as t— >+oo 
and x— >— oo such that Xo>M, the function fi~(X;Xn) := (Id a — C w h(A;Aq))~ I, where Id = 
denotes the identity operator on U pg { 2j00 }X p (H;M 2 (C)), in a von Neumann-type series (see, 
also, Part II of ]|]), and obtains, for arbitrary N G Z>i, the result for //"(A;Ao) and the 
estimation for 1 1 ^(^Ao) | ^ { } £'(=-Af 2 (C))^£ 2 (=-M 2 (C)) s * a * e< ^ ^ n ^ ne Proposition. ■ 

Proposition 3.6 As t^+oo and x^—oo such that Xq>M, for arbitrary iV GZ>i ; 

N p-1 

1111,1 

1572" 



X=(A;A ) = E E (ln ^7l (AiAo) +^x(A;A ), 



p=l g=0 
p'=0p=l<7=0 ' 

w/iere X G {B,A}, X M (A;A ) := exp{|tu 2 (Ao)}X Pi g(A;Ao) exp{-|tu 2 (Ao)}, with G7 2 (A ) := 
(4A^-i/(A )lnt)ad(cr 3 ), and, for 0<p' <l, l<p<N Q , and0<q<p-l, 

II^M(-;Ao)ll Uig{2ioo}£;(Hx;M2( C))^£2 (Hx;M2( C)) < oo. 

||C P ', P , g (-;Ao)|| U;6{2i0o}£i{Hc . M2{C ) H£2 (H C ;M 2 (C)) < o°> 

up ( .\ \\\ - n( c s (X )(lnt) N Q 

ll- C '-yV' A 0-'llu l6{3 , oo} /:'(B x ;Af 2 (C))-/:a(B x ;Af a (C)) _ (A§t)W»+i)/a 

H^(-' -Ao )llu i6{2 , oo} £H3 C ;M 2 (C))^(S c ;M 2 (C)) = °(l^F^ 

Proof. The results stated in the Proposition are a consequence of those given in Propo- 
sitions 3.4 and 3.5, the definition of m|(A), and the analogues of Eqs. (2.46) in [11|. ■ 
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Lemma 3.4 Let m = (A) be the solution of the RH problem formulated in Lemma 3.3. Then 
as t^+oo and x^—oo such that Ao > M , for arbitrary iV eZ>i, 

n( .s_ ^ & P ^l fc l cxp{l(fc+l)(4A4t-z,(A u )lnt)} M + p9 (Ao)(lnt)^ / c ( A() )( ln f) ar«, 

fc=odd jj= fc <7=0 \ v ' 

±1,±3,... ' ' 

where, for A; = ±l, ±3, .. ., |/c|<p<iV , and q>p— \k\, ujj" (Ao) = 0. 

Proof. From Eq. (9) and Lemma 3.3, one shows that, as i — > +oo and x — > — oo such 
that A > M, for arbitrary jV G Z>i, Q(x,t) = -t([<7 3 , j~((Id H - C wS (^Ao)) _1 I)(^ 5 (0 + 
tfi(0)^])i2 + C(c(Ao)(AQt) - '), I G Z>i and arbitrary. Since (from the proof of Proposi- 
tion 3.5) ut(A) = 0, it follows from (the analogue of) Theorem 2.1 that /u"(A;An) := (Id s — 
C w h(A;Ao)) _1 I = mf:(A); hence, from (the analogue of) Theorem 2.1, namely, /[/"(A^o) := 
^~(A) = m^_(X)(l + wi (A)) -1 = m+(A)(v+(A)) -1 , and Cauchy's theorem, one shows that 
Q(x,t) = -2z(/ s £ s (0<4(0||)i2 + O(c(\ )(\lt)- 1 ) = -2i(/ a ^(0(^(0- I)S)i2 + 
0(c(Ao)(Agt)-') = -21(^^(0-^(0)^)12 + 0(c(Ao)(Agt)-') = (/ a M S (£;A )f )i2 + 
0(c(Ao)(Aot) _/ )- Now, using the expression for /x"(A;Ao) given in Proposition 3.5, and the 
corresponding error estimation for I?"(A;Ao), one shows that, for / > (iV + l)/2, Q(x,t) = 
Ef=ia s (Ex G{B ,AC}^ S (e;Ao))^)i2 + 0(c(Ao)(lnt)^(A^)"^+ 1 )/ 2 ): the result now fol- 
lows from Propositions 3.4 and 3.5, and the definition of mf (A). ■ 



Proposition 3.7 For a = ±1,±3, f3 > \a\, and < 7' < (5— \a\, set u+^(Ao;t) := 

^a,/3 : = Ey=o'^,/3, 7 '^ ^ ln ^ 7 '' and ' f or i>P-\ a \> n i/3,7'(^o) = 0. The coefficients of the 
asymptotic expansion for Q(x,t) given in Lemma 3.4 are determined by the following linear 
system, 

e ^ (fcl+ ^ T+ >(fc 1+ l) rgA 4. + 1 UU H, P1 ^'"fc^S 
L, t { P1 +2)/2 \ ZA O tU k 1 ,p 1 + 2 4 J 

k l =odd pi> fci 
±1,±3,... ' ' 

e i{ (kl+ p T+ } . *P1<, P1 1 

t tf, 1 i itU fei,Pl 2 2 J 

fe l = odd pi > fc 1 
±1,±3,... 1 

, V V e <{ (fcl+ ^ )T+ } i(fci+l) r A °"*i.Pi 1 "fci.Pi "'"£. P i ln * lnf 1 H^Lej . ln * 1 

fcl =odd V1 ^ kl \ ^TT^ i 4 + 4 (8A )*t 2(8A,,)*t + 2(8) 2 A;^ > 

±1,±3,... — 

i{ ^li^Lll — },, ii\2 . 1 Xou'uf lnt (u') 2 uf (hit) 2 , 

u tf, , <(M+2)/ 2 I A zu k uPl 8 (16A ) 2 t J 

fcj =odd pi > fcl 



■ (fc]+l)T+ +// +/ 



fe l =° dd Pl>|fcl| 

±1,±3,... r -' 1 




s 1 2 ' r _ ) -. i 

t ( P1 +2)/2 t(8A ) 2 t (8) 2 Ag^ 



r (fc 2 + fc3- fc l+ 1 )T + - 



e l{ 2 } (fci+l)A 2 M+ u+ u 



fcj.Pl «2.P2 fc 3.P3 

((P1+P2+P3)/ 2 



fcj — odd p^ > I 

±1,±3,... l<i<3 
Ki<3 



+EEEEEE 



fc; = odd Pi >|fci 

±1,±3,... l<i<3 
Ki<3 



,-r ( fc 2+ fc 3- fc l+ 1 ) T 1, , , , 

^ 1 ; fcl.Pl fc 2 .P 2 fc3,P3 

16A i (p i +p 2+P3+ 2 )/ 2 
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. (fc 1 -fc 2 + fc 3 -fc4 + fc 5 + 1 ) T+ i , 

L ______ _ _____ J..T 



U, Uj U, Uj 

«2>P2 

2((P1+P2+P3+P4+P5)/ 2 



fc i= odd Pi>|fcJ 
±1,±3,... l<i<5 
Ki<5 



(fc 2+ fc 3 -fc 1+ l)r+ 



www- >i K J1 )'<, TO <, w _ (7S) 

Z^Z^Z^Z^Z^Z^ 8A t( p l +p 2+P3+2)/2 - U ' l' / 1 



fcj — odd > \k^\ 

±1,±3,... l<i<3 
l<i<3 



where r + :=4A^ -v In t, i/:=i/(Ao), /' :=«9a /(A ; *) |t = fixed, and f:=d t f(X ;t)\x , 



■ fixed • 



Proof. Substituting the asymptotic expansion for Q(x,t) given in Lemma 3.4 into 
Eq. (2), one obtains, after differentiation, the result stated in the Proposition. ■ 

Corollary 3.2 To 0(r 7 / 2 ), the explicit recurrence formulae for the coefficients of the 
asymptotic expansion for Q(x,t) given in Lemma 3.4 are given in the Appendix. 

Proof. Follows from Proposition 3.7, system (78), upon equating coefficients of powers 
of like terms on both left- and right-hand sides. ■ 
Now, recalling from Proposition 3.7 that, for a = ±l, ±3, . . ., /3> \ct\, and < 7' < (3— \a\, 

u J,/3 := Ey=o lu a,/3,7'(^o)(hit) 7 ', and, for 7' >fi-\a\, u^ j3 y(X ) = 0, by substituting these 
expressions into Eqs. (A.1)-(A.30) given in the Appendix, one deduces, after an onerous — 
but otherwise straightforward — analysis that, in order to solve the resulting recurrence 
relations for 11^ p y(Ao), explicit, a priori knowledge of u^ 10 (Ao) and ut lpq (Xo), p > 1, 

0< q<p—l, is necessary: the expression for uf 10 (Xo) is given in Theorem 2.2, Eq. (14). 
Hence, there remains the problem of determining u^ l p g (Xo), p> 1, 0<q<p— 1: up to p = 6, 
this is the programme of study of the following section. 



4 Explicit Representation of U-i, pq {^o), 1<;P<6, 0<q<p— 1 

In this section, the RH factorisation problem for m^,(x,t;X) :=m^(A), which is associated 
with the first-order stationary phase point at the origin, is solved asymptotically as t — > 
+00 and x — ► —00 such that Ao > M and (x,t) £ M 2 \f2 n , for those j n € (f,vr), up to 
0(c(Ao)(hii) 2 £~ 7 / 2 ): from this asymptotic expansion for m£(A) and the resulting expression 
for 2ilim a^oo (Am^(A))i2, explicit (integral) representations for u~t l p q (Xo), 1 < p < 6, 

A e C\<r c 

0<q<p— 1, are deduced. 




Figure 5: 



Lemma 4.1 (P, |l0||) Set <£ :=U^ =1 4 (Fig. 5). As t—> +00 and x—> —00 such that Xq> M 
and (x, t) E M 2 \ fi n; for those 7 n S (f ,tt), there exists a unique function m^(A): C \ ere ~ *• 
SL(2,C) which solves the following RH problem: 

(1) m c (A) is piecewise holomorphic VAgC\?c; 

(2) m^,(X) satisfies the following jump conditions, 
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where 

^(A)l 2 < k) =l + nc(X)V + (X)(8+(X;Xo)) 2 e-^^a + , 

u fe=l ? C 

4(A)| u4 w =i + (Kc(x)y(v + (x))-Hs + (xM)- 2 e 2Up{x -' Xo) o--, 

5 +/ A . A A _ I" rA gln(l-|r(p| 2 ) ^ f oo g ln(l+|r(^)| 2 ) rig ] ._ (I 1+ I 2 )(A;A ) 

P + (A):=niI» + i (itS)(A^j) ^ p(A;A ) = 2A 2 (A 2 -2A 2 ), (72c (A))* denoiea iae same 
function as IZc(X) except with the complex conjugated coefficients, 1Zc(—X) = —lZc(X), 
TZc(X) is a piecewise-rational function which decays like 0(X~( k+7 ^), k G Z>i, as 

A^oo, Ag?c\{0}, and aas, /or AG (U 2 =1 <^)n{A'; |A'|<e} ; where e is an arbitrarily 
fixed, sufficiently small positive real number, the following Taylor series expansion 
about A = 0, 

n c {X)V+{X) := R' + (0)X + ^'(0)A 3 + ^(0)A 5 + 0(X 7 ), 



with 



where 



R' + (0)=r' + (0)-bt, 
^'(0) = (rV(0)a+ + ^<'(0)) - (^6+ - o+c+), 
1<(0) = r;(0)(a+ + (a+) 2 ) - 6+((c+) 2 - c+) 
+ i<'(0)a+ + + " W 

r' + (0) ■= r'(0)s+, 6+ := r'{i0)s + , af := |r'(0)| 2 , 
£<(0) := {^(0)(-B£) E+ff + ^(0))*+, 
sf := |r'(z0)| 2 , i + := (^(i0)(8i) E + ^ + ^'"(z0)) S+ , 



4 := |(r'(0)r"'(0) + r'(0)r"'(0)), 
c+ := (r'(iO)r^(iO) + r'^O)/"^)), 



^(0) := ^r'(0)(-192(E + ^f ) 2 + 48.E + ^)^ + 
+ (^'"(0)(-8*) E+ + ^(0))s + , 
16+ := ^r'(zO)(-192(E + ^ ) 2 + 48zE+^f K 
+ (^r'"(*0)(8*)E + ^ + ^(,0))s + , 



and 



^'(0) == (^lAeR)U=o, r'CiO) := (^| A6lR )U=o, 
r"'(0) := (^| AgM )|a=o, r'"(*0) := (^| Ae , M )|A=o, 
r V (0) := (^I^R)!^, r^«0) := (^| A6lffi >)U=0, 
with s + :=exp{4iE+7/} ; E+ : =E/In+i; 
(3) as X^oo, AgC\?c, 

m «(A) =I + 0(A- 1 ). 

Moreover, m c (A) satisfies the following symmetry reductions, m c (A) = o"3m^(— A)<73 and 
m c (A) = o"im c (A)o"i. 

Proposition 4.1 For A G (U 2 =1 4°) n {A'; |A'| < e}, where e is an arbitrarily fixed, suffi- 
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ciently small positive real number, 

(Ii+I 2 )(A;AoM<MA )+£iA 2 ln|A|+£iA 2 +£ 2 A 4 ln|A|+£ 2 A 4 +£(A;Ao), 

where 

+ (Ao) := - Jo A ° ^f^f + J? Ml±fm^ 
Ei ■■= -^(lim^Aln(l-|r(A)| 2 )] + Iim[D A ln(l + |r(a)| 2 )]), 



A^O A^O 
^i : =d(2)(i™J^Aln(l-|r(A)| 2 )] + limjZ) A ln(l + |r^ 

^ 2 :=-^(lim^ 2 ln(l-|r(A)| 2 )]-l^ 2 M 
£ 2 :=J^(lim[I} 2 ln(^ 



D { ■= (j&) l > 1 G Z >i' l™[^Aln(l-|r(A)| 2 )] = -2a+ , lim [D x ln(l + |r(*A)| 2 )] = 2c+, 
lim[ J D 2 ln(l-|r(A)| 2 )] = -8ri(a+) 2 +a+), lim [I) 2 ln(l + |r(zA)| 2 )] = -8(i(c+) 2 -c 2 + ), and 
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E(X;Xo)-= E (£,ln|A|+E,)A 2 ', 

ieZ> 3 



with 

-21+2 



^ = jfa^A ln(l~ |r(A)| 2 )]+g/ lim[^i ln(l + |r(«A)| 2 )])- Jj^ h <^iffl a > g, 

w/iere ; /or ZeZ> 3; tfp, K 1 , #p, and ^/eM\{0}. 

Proof. Using the fact that r(A) e5(r;C) and | \r\ \ Coo ^f .q < 1, the results stated in the 

Proposition follow from the definition of (Ii + I 2 )(A;Ao) (and the expression for (5 + (A;Ao)) 
given in Lemma 4.1 via an integration by parts argument and the expansion ln(l — x) = 

Proposition 4.2 Set A = ^=. T/ien, 

^(^)Uu ?=1 ^0 = I + ^(^)n(^) e 2(Il+l2)( ^ ;A0) e-^ ( ^ ;A0) a + , 



^(^)Uu^('> =I + ^(^) , ^(^)" le " 2(Il+l2 ^ ;A0)ea ^ ;A0)(T - 



where 



1? ft" YD ( v \ 2(Ii+I 2 )(^;Ao) o -2itp(^;A ). ^ A J°,(u;;A )(liit)g 



p=0 g=0 



. ^/:F a (tu;Ao)exp{8iA§ii; 2 }(lnt) 3 \ 
+ U V 1*73 J' 



(72 C («L))*(7? ( «L))-l e - 2 ( I l+ I 2)(^^A () ) e 2^p(^;A ) := £ £ ^,(u;;Ao)(lnt)g 
^ ^ p=0g=0 



| g ^QjAo) cx P {~8»Ag W 2 }(lnf) 3 ^ 



with 



J^ (w;X ) = wR' + (0)e 2 ^+ ( - x ^e 8iX o w2 , 
J£o(w;\ ) =Vl {w;X )wR' + {0)e 8iX o w2 -4iw 5 j R' + (o) e 2 ^+( A °) e 8iA o w2 
+ u> 3 ii? / | , (0)e 2 ^+( A «)e 8iA o w2 , 

l 7 1 a 1 (w;;Ao)=Vf il (u;;Ao)^ / + (0) e 8a o«' 2 , 
J 2 y™;A ) = V£ KAo)™i?V(0)e 8iA ^ 
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and 



-8w 9 i?V(0)e 2 ^+ (Ao) e 8iA o w2 +Vf )0 (u»;A )u' 3 ^i?+(0)e 8iA o' i ' 2 
- W ^ R'l (0) e 2 ^+ ( A ° ) e 8i A <> 2 + u> 5 ^ fl£ (0) e 2 ^+ ( A ° ) e 8i A o u ' 2 , 
^(^Ao) = ^(^0)^(0)^ 

+ V 1 c 1 (u;;Ao)w 3 ^i? / | / (0)e 8iA2u ' 2 , 

l 7 2 a 2 ( U ;;Ao)=V 2 c 2 (u;;Ao)u; J R / + (0) e 8U o«' 2 , 
Vf j0 (u>;A ) := 2(£iw 2 ln|w| + £iu> 2 )e 2 ^+ ( A °) , 
Vf 5 j (w ; A ) : = - E x w 2 e 2i<t >+ ( A ° ) , 
V£ (u>;A ):=2((iW lnH + £ 1 u> 2 ) 2 + iW ln|u/| + J; 2 u> 4 )e 2 ^+( A °), 
V£ 1 (w;A ):=(-2^iw 2 (^iu; 2 lnH+iW)-£2W 4 )e 2 ^+ (Ao) , 
V 2 C 2 (^;A ):=i(^i) 2 ^ 4 e 2 ^+( A "), 

J ^ (^;A )=u;i^(^ e - 2 ^+( A o)e- 8iA o u ' 2 , 

^(wjAoHVVf^KAo^i^^ 

+ w; 3 ^ y ^ 7 (0)e- 2 ^+( Ao )e- 8a o«' 2 , 

w; A ) = w£ (u;;Ao)wi^ 

-8w 9 R^e- 2i ^ x °h- 8iX > 2 +Wl (w;X )w^ 

+ 4itt; 7 i^ 7 f(0)e- 2 ^+ (Ao) e -8iA^2 +u , 5 ^V( ) e -2^ + (Ao) e -8iA§«; 2 ^ 

(u>; A ) = W£ x (w; A )u;i^(0)e- 8iA o w2 +4ra 5 Wf^ (w; \ )R^tije- 8iX o w2 



+ Wl 1 (w;X )w 3 ^R^(0)e- 8iX t' w , 

^ 2 (^;A ) = W£ 2 (y;;Ao)^^(0)e- 8iA o- 2 , 
W£„ (w ; A ) : = - 2 ( #i w 2 ln| w | + #i w 2 ) e~ 2i<t> + ( x °\ 
W% A (w;\ ) :=iWe- 2 ^+ (Ao) , 
WZ fi {w;\ ):=2({E lW 2 \n\w\ + E lW 2 ) 2 -E 2 w 4 \n\w\ - J; 2 u> 4 )e- 2i<MAo) , 
W£ 1 (w;A ):=(-2^iu; 2 ( J Biu; 2 lnH+£iu; 2 )+iW)e- 2 ^+ {A()) , 
W 2 c 2 (u;;Ao):=i(^i) 2 ^ 4 e" 2 ^+( A "), 

where, for k£ {1, 2, oo}, 

ll^ Q (-;A )exp{8U 2 (-) 2 }|| i:fc( ^ u? _ i? ( i ) ;C) =c(A ), 

||^(.;Ao)exp{-8a 2 (-) 2 }|| £fc( ^ ut3f (o ;C) = c(A ). 

Proof. Follows from the expressions for the jumps, i£(A)| (i) (i+i), I £ {1,3}, given in 

Lemma 4.1, Proposition 4.1, and the change-of- variable rule given in the Proposition upon 
expanding in reciprocal powers of \ft. ■ 

Proposition 4.3 The solution of the RH problem for m^(\): C \ qc — >-SL(2,C) formulated 
in Lemma 4-1 has the following integral representation, 

mc<) + £W> <^vr> as- AeCUc ' 
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r U) Cj+2) 

m ? c — „r, ? c 



where, for j £ {1, 2}, 

(•) = w£ (•) = 0, 

0) 

w q c (^) = ^c(A)P + (A)e 2 ( Il+l2 )( A;A °)e- 2i ^ A;Ao ) ( 7 4 



A=-^ 



(i+2) 

u£ )= (^c(A))*(P + (A))- 1 e- 2 ( Il + l2 )( A ; At ')e 2i ^ A ' Ao )^ 



and, /or arbitrary JV„sZ>i, 



A=-^= 



^ c (^)=i+ E E E ^ ( ;;y/ 2 lnt)g +^ c (^;Ao), 

llMp, g (sAo)|| Uig{2 ^ }£ i (v ^ ?cUo};M2( C) H£ 2 ( ^ fcUo} . M2( C)) < °°i 

||rc c /.x\|i _ n( c(A )(int) Ar °+ 1 \ 

11 ^'' Ao )\\u lG{2iX} cKVi^\{ohM 2 (C))^(Visc\{oy,M2(C)) ~ u y J- 

Proof. From the BC [Q| formulation (the paragraph superseding Theorem 2.1), writing 
the expressions for the jump matrices as v%(\)\ ( k ) :=(I— w_° (X))~ 1 (I+wf (A)), one obtains 



c 



the results for wf ^ G & £ {1)2,3,4}, stated in the Proposition upon compar- 

ison with the expressions for the jump matrices given in Lemma 4.1 and the change-of- 
variable rule X—^w/y/i (t^O): the integral representation is now an immediate consequence 
of Theorem 2.1. The asymptotic expansion for /^(-^L) (resp. estimation for £ ?c (-^=;Ao)) is a 

consequence of (the analogue of) the asymptotic expansion (resp. estimation) for h c (w;Xq) 
(resp. £~^(w]Xo)) given in Proposition 3.3 after a trivial change of variable. ■ 

Remark 4.1 Near the first-order stationary phase points sgn(/c)Ao, k £ {B,A}, sgn(£>) = 
— sgn(_4) = l, the analogues of the asymptotic expansions for / u*(-^) are 

^'(7=) = V pc (w; sgn(AOAo) exp{i(£ ieZ>0 £ JeZ>0 afj (X )w> (In w) l )a 3 } 



iP/2 

(*)/ 



w / T _i_ Mp,g(m;sgn(fc)A )(lnt)'? 



for suitably chosen a - t (Ao), where V pc (w; sgn(fe)Ao) have explicit representations in terms 
of parabolic-cylinder functions (see, for example, the proof of Lemma 4.1 in pi). 



Proposition 4.4 Let N a G Z>i. T/ien /or 1 < p' < 2, < p < 2V 0) and < q < p, 
(iP q (w;Xo) satisfy the following involutions, ^ )q {w;XQ)=o-^^ >q {—w;Xo)a^ and fi^ q (w;Xo) = 

ci/4>,g(«j;Ao)0i. 

Proof. From the integral representation for m^(A) given in Proposition 4.3, the follow- 
ing symmetry reductions for m%(X), m^(A) = a^m^— A)o"3 and m^(A) = <rim^(A)o"i, the 
expressions for the jumps, v£(A)| m (i+i), I € {1, 3}, given in Lemma 4.1, the fact that 

<5 + (±A;Ao) = (5 + (A;Ao)) _1 (to deduce this, one takes the principal branch of the logarithmic 
function, ln(A— sgn(fc)Ao) :=ln| A— sgn(A;)Ao|+«arg(A— sgn(fe)Ao), arg(A— sgn(fc)Ao) £ (—n,n), 
k £ {B, A, C}, sgn(fi) = — sgn(w4) = 1 and sgn(C) = 0), and the properties of TZcW given in 

Lemma 4.1, one shows that ^ c (-^) = o- 3 ^ c (-^)o- 3 and /U ?c (^=) =a 1 fj,^(^)a 1 : the results 

stated in the Proposition now follow from the above-derived involutions for /i ?c (^=) and its 

corresponding asymptotic expansion given in Proposition 4.3. ■ 
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Corollary 4.1 As X^oo, \ m^X) has the following asymptotic expansion, 

m CV A J— i+ 2^ r ^ W+ 1 ' 

feeZ>x ieZ> 

w/iere X+ :=X+(x,t;Xo), peZ> . 

Proof. Consequence of the involutions m' c {X)=a 3 rn' c {—X)uz and m^(A) =a\rn' c (X)ai. ■ 

Lemma 4.2 Forl<p<6 andO<q<p—l, u^ lj)q (Xo) are given by the following expressions, 
^i,i,o( A o) = 0, ^i, 2 ,o( A o) = - !; ^pr L , ^i, 2 ,i( A o) = 0, 
^i,3,o(Ao) = -%p i /o 00 Ki(^;Ao)e-«^, ul 1A1 (Ao) = «li A2 (Ao) = > 

+ E^' (0)4 (i- 7 ) 1n /g3/2 A ^ ■ ^(0)4 , W R '+(°)4 

+ ^rA<^ Jo Mlll^V2^> A 0j e 

^l,4,l( A o) = - gl ^Aff S ° ' U -1A,2( X 0) =ut 1A3 (X ) = 0, 

n -l,5,0l A 0j-( + wA 4 2B + wA 42fl J Jo Mll(^372A7' A 0K e ^ 

i ^1 (0)4 r oo,,g ^V 2 e^ .x A^-gi^^ i fi +(°)4 r°o,,a ^ 1/2 e^ . \ \t2^-£je 
H ttA^s Jo Miil 2 3/2 Ao .Aojge Mn^+ 7rA g 27 J Q Mill 2 3/2 Ao e 

« fl +(°)4 roo ((C f ^ 1/2 ^ .\..y-^ 

~ nXpz JO Mill 2 3/2 Ao ' A 0i e ' d ?> 

^1,5,1 ( A o) = ^2^/0 Kl(WA75 A 0^ e ^ ^2^/o ^ll(WA^ A 0) e ^> 

n il,5,2( A o) =^l, 5 ,3( A o) =^l,5,4( A o) = 0, 

n -i,6,o( A o) = ^^ ( ^^ -(1-7) ln(23/ 2 Ao) + (ln(23/ 2 A )) 2 ) 

i J R' + (0)4(2£ 1 Ei+£ 2 ) ,3/2-7 , , o3 /2x ^ , ^V(0)4((£i) 2 +£ 2 ) 
+ rTA^ v - 2 ln{ - 2 + ^7 

, 3iR' + (0)s+ 3i±R';'(0)s+ 3iR' + (0)E 1 s+(n/6-~f) 
+ nX 1 ^ H ^A|29 1 ^Ap9 

, 3iR' + (0)E 1S + 3iR' + (0)E lS + ln(2 3 / 2 A (] ) 4^(0)4^3/2-7 , , g /2 . ^ 
+ tTa^ ^ + ' n\pt I 2 lYL{ - 2 A 0)> 

I 4 fi +(°)^4 1 4 fi +(°)4 ^V(0)4 roo e f ^ef , x -g ,> 
+ ^Ap? + ttA«28 ^Ap^Jo rtll^V^^Oje d$ 

+ ^a*26 Jo Mill 2 s/2 Ao ,Xofce s ln^ Jo Mill 2 3/2 Aq ,Xo)t,e 

I gV(p)£i4 roo b f ^eI .), n U p -U; 1 ^'+(0)4 r°° 6 f ( 1/a ^ ,U,ri,-frft 

H ttA^s Jo Mill 2 3/2 A() , A oJ^e + ffA ti 2 7 Jo Mill 2 3/2 Ao , A oK e ^ 

iR^(0)4 f0O b ,^ef_ > u -g> 

H rape - Jo Mill 2 3/2 Ao , A oJ^e 

+ ( 3iR' + (0)E lS + ^(0)(g 1 ) 2 4 3/2-7 ln / 9 3/2 x ^ ^'+(0) g i^ s o + 

^-i,6,il A oJ- ^9 ^? — I— m v 2 A Jj -^p? — 

»/?V(0)g2S^ 4fiy(0)gi4 iRV(0)4 oo / ,£^T , s _£ 
r?ApS ^ ^Ap^Jo MlllWA7' Ao ^ e ^ 

R' (0)Ei4 roo b i£}l 2 eT , , e _£ Ac 

~ \xp« So Mn(%v2A7; A o)£e 
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^1,6,2^0 ) = ^^xS S ° ' u -l,6,3( A o) =«-l,6,4( A o) =^i i6 , 5 ( A o) =0, 



where Sq :=exp{2i</> + (Ao)}, R' + (0), ^R'"(0), and gji?^(0) are given in Lemma 4-1, <A+(Ao), 
Ei, Ei, E2, and E2 are given in Proposition 1^.1, 7 = 0.57721566490 is Euler's constant, 
C(2, 3) :=E fceZ>() (3+A;)- 2 = vr 2 /6-5/4, MfiOjAo) := «q(-;Ao))u, M 6 ii(-;Ao) := Kq(-;A ))h, 

A t ii(-;Ao):=(/ii ) o(-; A o))li ) ^ii(-;Ao):=(^i,i(-;A ))n, Mh(-;Ao):=(a«i,o(-;Aq))ii, and n f n {-;\ ) 
:= (Ml,i(">Ao))iij w/iere (ju'gL/(-;Ao))ij denotes the (ij)th element of ^ ,(-;X ). 

Proof. From the integral representation for m^(A) and the expressions for (•), I G 
{±}, G {1,2,3,4}, given in Proposition 4.3, one derives the following relations for the 
elements of m^(A): 

v/i0- [(^C(O)i2(^c(g))*(^+(g))- 1 e- 2 ( I l+ I 2)«- A 0)e 2 ^^^0)]|^ /v ^ 



K(A) )n = 1 + 



dw 

eVte^T (w-XVt) 2wi 

fV 70+ [(^C(g)) 12 (TC c (O)*(P + (O)-^^^i+i2)a^ ) e 2 it p(eA ) ] |^ / ^_ ^ 
+ J eVte-^ (w-XVi) 2m > 

rv ^e-¥ [(^(g)) 11 ^c(g)P+(g)e 2 ai+l2)(e;A ) e -2, t p(e;A ) ] |^ / ^ ^ 

(m c (A)) 21 - J^s™ J^Wl) 5S 



f V70+ [(^C(O)22(7ec«))*(P+(O)- 1 e- 2 ( I l+ I 2)(g^0) e 2 ^^^0)]|^ m/VT dM , 

W A ))22 = 1 + J, /7n+ r^nr^ as 



'^0+ (tu-Av 7 *) 27ri 

rv ^ e -¥ [(^(g))2 1 ^c(g)P+(g)e^l+l2)(e;A ) e -2, tp (e;A ) ] |^ / ^ ^ 



Since the linear contribution to the asymptotic expansion of Q(x,t) (as t — ► +00 and 
x — ► —00 such that Ao > M and (x,i) G R \ f2 n , for those j n G (| ,tt)) from the first- 
order stationary phase point at the origin is given by the limit 2ilim a^oo (Am£(A))i2, 

a e C\ 5C 

the (12)-element of m£(A) is analysed explicitly hereafter. Substituting the asymptotic 
expansion for Hc(€)'P+(Q exp{2(Ii + l2)(£;Ao)} exp{— 2rtp(£;Ao)}U= ™ given in Proposi- 
tion 4.2 and the asymptotic expansion for / u ?c (-^) given in Proposition 4.3 (with the 
definitions of (/4'fc(-;Ao))ii given in the Lemma) into the above integral representation 
for (m^(A))i2, expanding (w — A\/t) _1 into a geometric progression in reciprocal powers 
of A\/i, changing variables of integration twice, letting the upper (resp. lower) limit of 
integration of the resulting integrals tend to +00 (resp. 0), using the following integrals 
||, / oo a^ 1 - 1 exp{-/i 1 x}lna:da; = /j^r^iXV^i) > °> > °) and 

/ oo ^- 1 exp{- / x 2 x}(lnx) 2 rfx = /x 2 -^r(i, 2 )((^(^)-ln(/i2)) 2 +C(2,^)) (^M>0, K(i*)>0), 
where T(-) is the gamma function |plf , ip(-) is the psi function (ifi(z) := dln J~ ) H^], and 
C{z, q) := Z)fc gZ>0 (q+k)~ z (^St(z) > 1, gG"Z\N) is Riemann's zeta function [pi]] , the following 

relation for the psi function [^lj, ^(z+1) = ^(z)+^, the fact that 7=— ^(l) [^TJ, where 7 is 
Euler's constant given in the Lemma, the well-known series result 2~Z peZ> p 2 = vr 2 /6, and 

the involutive properties of /x^ g (-;Ao) given in Proposition 4.4, after integration and sim- 
plification, and using the fact that 2zlim a^oo (Am^(A))i 2 = J2p=i Z)q=o ~ 1 ' P ' 9 ^ P /2^ — ~ + 

A e C\<; c 

C(-fC^(Ao)(lni) 2 t~ 7 / 2 ), one obtains the results for ut lp JX ), l<p<6, 0<q<p—l, stated in 
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the Lemma upon equating coefficients of like powers of (In t) q t p / 2 on both sides of the above 
relation, where i^(A ) := ^0^f~ ^(SgA^fr-^ Z^jf^Sg* 

M^^-^^J^^i^^-Me-^, with Mi(-;Ao):=K 2 (-;Ao))n. Now, continu- 

ing the above-mentioned procedure to higher orders in A -1 , one verifies that, as A^oo, AG 
C\^c, ( m cW)i2 satisfies — precisely — the asymptotic expansion condition stated in Corol- 
lary 4.1; furthermore, using the asymptotic expansion for (1Zc(£))*(V+(£))~ 1 ex P{ — 2(Ii + 
I2X&A0)} exp{2itp(^;Ao)}|g=-iiL given in Proposition 4.2 and proceeding analogously as 

above, one shows, using the involutive properties of A*p g (-;Ao) given in Proposition 4.4, 
that the remaining elements of m£(A), namely, (m£(A))n, (m^(A))2i and (m£(A))22, sat- 
isfy, as X^oo, AgC\?c, the asymptotic expansion conditions stated in Corollary 4.1: one 
also verifies that m^(X) as constructed above satisfies the following symmetry reductions, 

m£(A) = o"3m^(— A)o"3 and m q c {X) = a\rn' c {X)ai. ■ 

Lemma 4.3 As t — > +00 and x — > —00 smc/j i/tai X$> M and (x,t) 6l 2 \ J7 n; /or i/tose 
7nG(f , 7r), Q(x,t) has the asymptotic expansion given in Theorem 2.2, Eqs. (10)-(27). 

Proof. Recalling that, for fc = ±l, ±3, ...,p>\k\, and 0<q<p-\k\, ut,p := ^q=o^ u t, P ,q(^o) 
■ (lnt) q , and, for q > p— \k\, u^ p = 0, in accordance with the asymptotic expansion for 
Q(x,t) given in Lemma 3.4, one must determine ujj^ 1 , 2 , 3 , tt^ 4 , -ujjj 3 3 , and ujjj 3 4 : 
for this purpose, the recurrence relations for the coefficients of the asymptotic expansion 
given in the Appendix are necessary. The explicit representation for 1 < p < 4, 

are already given in Lemma 4.2; therefore, it remains to determine the remaining coeffi- 
cients listed above (throughout the proof, all explicit Ao dependences are suppressed, except 
where absolutely necessary). From Eqs. (A.l) and (A. 2), one obtains trivial identities. From 
Eq. (A. 3), one shows that vu^-Htu^— 2A 2 ||'U 1 ~ 1 | 2 u ] f 1 = 0: using the fact that uf 1 =uf 1 (Ao), 



and recalling from Theorem 2.2, Eq. (14) that uf lfi = \J v/{2Xq) exp{i(<f> + (X ) + <£> + (A ) + 

7r/2)} := \J v I (2Aq) exp{i(p + }, one shows that uf 10 (Xo) = and that the above equa- 
tion is satisfied. Using the fact that u't 11 = ul 110 (Ao) = (Lemma 4.2), one notes 
that Eq. (A. 4) is satisfied identically. Noting that «± 3 3 = n^ 3 3 (Ao), Eqs. (A. 5) and 
(A. 6) show that ^±3 3 0(^0) =0- From Eq. (A. 7), one shows that — vuf^ + itu^ ~ \ U X,2 ~ 
u^ 2 u exp{2iip + } = 0: substituting u\ 2 = Y^\=o u t,2,q(^) ( m t) q mto this equation, one de- 
duces that — uuf 20 (Xo)+iuf 2 5 i(Ao)— ^uf 20 (Xo)-^uf 20 (Xo)i / ex.p{2i(p + } = and — vui 21 (^o)— 
1^2,1(^0 )-u^ 21 (X )vexp{2iip + } = 0. Defining, now, u^ 21 (A ) := u^^ 1 (Xo)+iu^' 2 \ 1 (X ) , one 
shows from the above equation for - u^ 21 (Ao) that A4(Ao)(«^ 2i1 (Ao),u^ 2i1 (Ao)) t = (0, 0) T , 

where M.(Xn) := I Kl+ cos ^V+) ( 2 ^sin299 + ) \ ^ ^ eno ^ eg transposition on the 
\—(^+usm2ip + ) —v(l-cos2ip + ) J 

fiber bundle C 2 ; however, since A4(Ao) is non-degenerate (det(.M(Ao)) = |), from a well- 
known result in linear algebra, one gets the trivial solution, namely, Ui' 21 (Xo) = u i2 1(^0) = 
0. Defining u^ 2 (Xo) :=u^ 2 (Xo)+iu^ 2 (Xq), and reasoning similarly as above, one shows 
that ■u^ 2i o(Ao) = u i,2,o(^o) = ^; hence, uf 2 = 0. Using the expressions for ut 120 (Xo) and 
nl 121 (Ao) given in Lemma 4.2 and recalling that uti y 2 = Y^l=o u -i,2,q(^o)(^t) q , one shows 
that Eq. (A. 8) is satisfied identically. Using the fact that ujjj 34 = Y^l=o u ±3 4 q (^o)0^ n -t) g , 
one shows, using Eqs. (A. 9) and (A. 10), that «± 34 = 0. Noting from the above discus- 
sion that u^ 11 = uf 2 = u jjj 3 3 = 0, and substituting u^ 3 = J2q=o u i3 ? (Ao)(hii) 9 into 
Eq. (A. 11), one obtains three linear inhomogeneous algebraic equations for the determi- 
nation of u^ 3q (Xo), 0<q<2: proceeding as above for the determination of uf 2 , one solves, 
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via Cramer's rule, these linear inhomogeneous algebraic equations for uf 3q (Xo) and derives 
the results stated in Theorem 2.2, Eqs. (22)-(27). Recalling that ut 1 x = u^ 2 = uts = 0> 
one simplifies Eq. (A. 12) to itu^ x 3 — y u -i 3 ~~ ^( u -i 3)' — 2vu~t 1 3 = 0. Using the repre- 
sentation ul 13 = J2q=o u -i,3, q (^o)(^ n t) q j an d the expressions for wl 13? (Ao), < q < 2, 
given in Lemma 4.2, namely, wi 1)3i2 (A ) =ut 13)1 (Ao) = and ^^(Ao) = ~ lR + ( ^^ Xt,) ; 
with # + (0) g ivcn in Lemma 4.1, s+ := exp{2^ + (A )}, <MA ) := - J A ° Ml^Mii^i f + 
joo in(i+ | r(iO | 2 ) ^ ; and J(Ao) . = /^^(^^-jAoJe-^de, one reduces this (characteristic- 
like) equation to ~y u -i,3,o(^o) ~ ~^ uu -i,3,o(^o) = 0, which, upon recalling 
the above expression for ut 130 (Xo), is an integro-differential equation for fif 1 (-;Xo): sub- 
stituting the expression for 3 (Ao) into the latter equation and recalling the definition 
of v, namely, v := — ^- ln(l — |r(Ao)| 2 ), one shows that I(Xo) satisfies the following ODE, 

^q'x^ + X ^x { ^ nence ) ^(^0) = for some bounded, Ao-independent constant IC^ € C. 
Therefore, modulo the determination of /C^, ^130(^0) = ~ ~ ~ • From Eq. (A. 13), 
the representation Wg'g = J^^qU^ (J (Ao)(lnt) <? , and the results obtained above for the pre- 
ceding coefficients, one shows that u 35 q(Xq) = u 35 i(Xq) = u 35 2 (Ao) = 0; hence, u 35 = 0. 
From Eq. (A. 14), the representation u~^ 35 = Z)g=o u ^3,5,g(^o)(l n *) 9 , and the results ob- 
tained above for the preceding coefficients, one shows that ut 3 5 2 (Ao) = u+ 351 (Ao) = 0, 

and nl 3 5 (Ao) = — — - ^i' 2fi — ~ — > with uf 10 (Xo) given earlier in the proof, and 
m^ 120 (Ao) given in Lemma 4.2. From Eqs. (A. 15) and (A. 16), and the representations 
u ±5,5 = Sq=o u ±5,5,g(^o)(lni) 9 , one shows that u± 5 5 Q = 0; hence, ^±5,5 = 0. From Eq. (A. 17) 
and the representation uf 4 = J2l=o u i4 g(Ao) (In t) 9 , one obtains four linear homogeneous al- 
gebraic equations for the determination of uf 4q (Xo), 0<q<3: decomposing uf 4q (Xo) into 

real and imaginary parts, uf 4 q (Xo) -=Ui'l (Xo)+iu^'l ? (Ao), and noting that the coefficient 
matrices for the resulting linear homogeneous systems are non-singular, from a well-known 
result in linear algebra, one deduces that all these systems have the trivial solution, i.e., 
u i4 q(^o) = 0, < q < 3; hence, uf 4 = 0. Substituting 4 = J2q=o u -i 4 q(^o)(ln i) 9 i n t° 
Eq. (A. 18), using the expressions for 4 q {Xo), 0<g<3, given in Lemma 4.2, and equat- 
ing coefficients of powers of like terms of (hit)', < / < 2, on both sides of the resulting 
equations, one shows that the equations resulting from the (hit) 2 and hit parts are satisfied 
identically, and that the constant (0(1)) part gives rise to an integro-differential equation 
for (■ ;Ao), which can be simplified to an integral equation of the first kind for fi\ 1 (-;Xo) 

1/2 ^ ^ ^ 

of the following form, / °° ^11( ^3/2 t~ )^o) e ~^£ = G(Xq), where G{X$) is not written down 

here since it will not actually be needed (the details of the analysis of this integral equation 
for m5 1 (-;Ao) will be presented elsewhere: see, also, Remark 4.2 below): this completes the 
proof. ■ 

Remark 4.2 In the proof of Lemma 4.3 above, there appears a bounded, Ao-independent 
complex- valued constant denoted as )Cf. The determination of requires the solution of 

1/2 i7V 

the following integral equation of the first kind for //ii(-;Ao), Jo° Viii ^/^ 'Ao) e ^d£, = 
/Cf/Ao, under the following conditions imposed on //^(-jAo): (1) /^(.zjAo) is an even 
function with respect to z, i.e., fifi(— z;Xq) = ^(zjAo); and (2) /Xii(z;Ao) € £ 2 (K>o;C), 
i.e., II/ u ii(";^o)|| jC 2(]]^ >0 .C) < 00 • in f ac t) one notes that, for Xq > M and K.^ bounded, 

in 

11/^11( ^3/2^ '^o)l l/:fc(R >(r C) < °°) ^ ^ {1j2,oo}. Changing the variable of integration ac- 
cording to the rule £ 1//2 /^o — > \fr, setting s = Aq (with 3J(s) = 3?(Aq) > 0), and defining 
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(JCx) Vii( J3/2 iV^) := g( r iV / ^)> one & lso shows that g(r\yfs) satisfies the following inte- 
gral equation, f °° g(r;^ )e~ ST dr = s~ 3 ^ 2 , with the standard Laplace transform-type kernel, 
e~ ST . Actually, one can show that, for any f(z) for which J£°\f(£)\ ^^ll/OII^^ (£S < 

00 and J{^° f(O e ~^dl; := A(/) < 00, ^(^Ao) := ^j^tw " solves the integral equation 

1/2 ^ 

Jo° viii ^/txi i^o) e ~~^£ = ^-iV^0) an d satisfies conditions (1) and (2) stated above. The 
explicit determination of is rather involved and somewhat circuitous, and the details of 
this calculation will be presented elsewhere. 



5 Asymptotic Evaluation of ((^ l (x, t; 0))n) 2 as t^+oc 

In this section, the phase integral, ((^ /_1 (x, t; 0))n) 2 , which appears in the gauge transfor- 
mation (Eq. (3) and Proposition 2.3), and is also equal to ((m _1 (x, t; 0))n) 2 (Lemma 2.1), 
is evaluated as t — ► +00 (x/t ~ 0(1)) and (x, f)GK 2 \ f2 re , for those 7„ G (§,vr). 

Proposition 5.1 (§) For Q(x, 0) G 5(R;C), 

tt(z, i; 0) =m(x, t; 0) = exp{-^ |Q(£, t)\ 2 d^}. 



Proposition 5.2 (§) For Q(x, 0) G 5(R;C), 



Lemma 5.1 As t — > +00 anc? x — ► —00 suc/i i/tai Ao > M and (x,i) G M 2 \ O n , /or i/iose 
7„G(f ,vr), 

((^-Hx,t;0))n) 2 = exp{iargg + (x,t)} + o(^^# 
where argg + (x,t) is given in Theorem 2.3, Eqs. (46)-(51). 

Proof. Since, from Eq. (3), Proposition 2.3, Lemma 2.1, Lemma 2.2 (Eq. (8)), and Propo- 
sition 5.1, q{x, t) = Q(x, t)^- 1 ^, t;0))n) 2 = Q(x, ^((m" 1 ^, t;0))n) 2 = Q(x, t) exp{i/* |Q 
(£,,t)\ 2 dt;}, and Q(x,t) is already given in Theorem 2.2, Eqs. (10)-(27), it remains to evalu- 
ate the integral |Q(£, t)| 2 d£. Writing /* |Q(£, t)\*dt=f-°°\Q(Z, *)| a de+/*jQ(£, t)\ 2 d£ = 
-\\Q(;t)\\ 2 cHR . C) +J-JQ(Z,t)\ 2 dZ, using the result for l|Q(-,*)|| 2 2(R . C) given in Propo- 
sition 5.2, the asymptotic expansion for Q(x,t) given in Theorem 2.2, Eqs. (10)— (27), the 
following inequalities, |exp{(-)} — 1| < |(-)l su P s e[o,i] l ex P"( s (')}l an d < u(Xo) < z-Wx := 
— ^ ln(l — sup Ag jg> |r(A)| 2 )<oo, and the fact that r(A) G«5(r;C), one obtains, after onerous 
algebraic manipulations, the result stated in the Lemma. ■ 

Lemma 5.2 As t — > +00 and x — ► —00 such that Xq > M and (x,t) G M 2 \ Q n) for those 
7 n G(^,7r), q(x,t) has the asymptotic expansion given in Theorem 2.3, Eqs. (45)-(51). 

Proof. Consequence of Proposition 2.3, Lemma 4.3, and Lemma 5.1. ■ 



Lemma 5.3 As t — > +00 and x — ► +00 such that Ao := \J\{j — \) > M, f > ~, s G M>o, 

tt 1 11 ( nr -ft h n c tho 

■ 2 • 



and (x,t) 6l 2 \ il n , /or those ^ n G (f ,7r), u(x,t) has the asymptotic expansion given in 



Theorem 2.4, Eqs. (56)-(66). 

Proof. Consequence of Proposition 2.4 and Lemma 5.2. 
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6 Asymptotics as t— >— oo 

In this section, the asymptotic paradigm presented in Sees. 3-5 is succinctly presented 
for the case when t — > — oo: since the proofs of all obtained results are analogous (to the 
t— * +00 case), they will be omitted. This short section is divided into three parts: (1) in 
Subsection 6.1, the model RH problem is formulated for the case when t — * —00 and x — > +00 

such that Ao := > M and (x,t) G M 2 \ Q n (for those 7« G (§,7r)), the asymptotic 

expansion for Q(x,t) is given, and the necessity associated with the a priori determination 
of a certain subset of the coefficients of the asymptotic expansion for Q(x, t) is stated; (2) in 
Subsection 6.2, the model RH problem associated with the determination of the subset of 
the asymptotic series expansion coefficients for Q(x, t) mentioned in (1) above is formulated, 
and solved asymptotically to 0((— i)~ 7 / 2 ) as t — >— 00; and (3) in Subsection 6.3, the phase 
integral, (a:, £;0))n) 2 , is evaluated asymptotically as t^—00. Once again, all explicit 

x,t dependences are suppressed, except where absolutely necessary. 

6.1 Model RH Problem and Asymptotic Expansion of Q(x,t) as t— >— 00 



C<3) Wl) ^3) #1) -<3) 






^<2) W4) W2) -HA) 



4 4 4 

?-4 : = U ^ «:= U S~ «B : = U % 

fc=l fc=i fc=i 

Figure 6: 

Lemma 6.1.1 ([||, |l0|) 5ei t '■= ^ie{B,A,C}Q (Fig- 6). As t —>■ —00 and x — ► +00 suc/i 
that Ao > M and (x,i) 6R 2 \ O n , /or i/iose j n G (f ,vr) ; i/iere exisis a unique function 
m ? (A): C \ ?^SL(2,C) which solves the following RH problem: 

(1) m ? (A) is piecewise holomorphic VAgC\<T; 

^ m s (A) satisfies the following jump conditions, 

fh%(\) = mL(A)v*(A), AG?, 



^(A)U^ 2 ) =I + ^ 1,2) (A;A )P--(A)(r(A;Ao)) 2 e- 2 Wo) - + , 

i j 

^(A)U 3) w 4) =I + ^ 3 ' 4) (A;Ao)(P-(A))- 1 (r(A;Ao))- 2 e 2 ^ A ") -_, 
^(A)!^)^) =I + ^ 1 ' 2) (A;A )(P-(A))- 1 ('5-(A;Ao))- 2 e 2 ^ A o) (J _ ) 

^(A)|w3) w 4) =I + ^ 3 ' 4) (A;Ao)P-(A)(r(A;Ao)) 2 e- 2 W«) - + , 

jG{£,„4} ; ^-(Aj^ngri' ^lS^Sj) 2 ' P(A;Ao) = 2A 2 (A 2 -2A 2 ), {0,±A } = {A' ; 3 A p 
(A;Ao)|a=A' =0} are the first-order stationary phase points, 

(A,A J - exp|J A() — — m + J-A — (f=Xj — lii/' 
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and {ltg' l+1 \\;\o), 1Z^ 1+1 \X;Xq), T^c' l+1 \^',^o)}ie{i,3} are some rational fundi 
which decay to zero as X^oo, AG?\Ufc e {g i _4 i c}{sgn(/c)Ao}, where sgn(£>) = — sgn(^4) = 
1 and sgn(C) = 0, and have, respectively, Taylor series expansions in{X'; \ X'— sgn(/c)Ao| 
<e} n k£{B, A,C}, where e is an arbitrarily fixed, sufficiently small positive real 
number; 

(3) as X ->oo, AgC\?, 

m?(A) = I + 0(X~ l ). 

Moreover, for arbitrary /'gZ>i, 

Q(x,t) = 2i Urn (Am ? (x,t;A))i 2 + o(^), 

with Q(x,0) £ <S(IR;C), satisfies Eq. (2), andih' ; {X) satisfies the following symmetry reduc- 
tions, fffi (A) =a^fh' ; {— A)cr3 and 7?V>(A) = o~ito (? (A)o"i. 

Analysing the signature graph of $t(itp(X;Xo)) as t^— oo (x/i~0(l)) and proceeding 
analogously as in Sec. 3 (Higher Order Deift-Zhou Theory), one deduces the following. 

Lemma 6.1.2 Let m ? (A) be the solution of the RH problem formulated in Lemma 6.1.1 
with the condition WWc^^C) ^ ^' ^ en ; / or arbitrary iV eZ>i, as i^— oo and x^+oo 

such that Xo>M and (x, t) gR 2 \ f2 n , /or those 7„ £ (f ,7r), 

n / ,x ^ ^ PHfc| C xp{^(fc+l)(4Agt+i/(Ao)ln|t|)}u- pig (Ao)(ln|t|)» n / _c(Ao]fln]t|3jM 

±1,±3,... ' ' 

where, for fc = ±l, ±3, . . ., |/c|<p<iV 0; and g >p— |/c| ; u^" g (Ao) = 0. 



ons 



Proposition 6.1.1 For a = ±1, ±3, . . ., (3 > \a\, and < 7' < /3— |a|, set u a «(Ao;i) := 

u a,/3 : =Ey=o' n a,/3, 7 '( A o)(ln|t|) 7 ', and, /or 7' >/3-|a|, u~ Ay (A ) = 0. The coefficients of 
the asymptotic expansion for Q(x,t) given in Lemma 6.1.2 are determined by the following 
linear system, 

v v e <{ (fcl V T >(fci+l) f 2X 4 f - . "V P1 ^V£] ln|t| 1 

±1,±3,... — 

. (fei + 1)t~ , - ., -/ 

+ t ^hh S , e (-t) (pi+2,/2 + 2^ + 2^} 

fe! =odd pi >\ki\ y ' 
±1,±3,... -' 1 

v v e^ {kl+ -2 )T >«(fci+i) r A °<, P i , %,pi , ^'"fci.P! 111 !*! , ^fcx^ 111 !*! "'%,„! H*! -, 

fc i=odd Dl J| fcl | ("*) (P1+2,/2 1 4 + 4 + (8A„)^ + 2(8A„)^ 2 (8) 2 A* t S 

±1,±3,... ' ' 

(fcl+l)r~ Aoi^'u" lnltl (i/) 2 ?^ (In |i|) 2 

t tT, , (-t)(w+ 2 )/ 2 i A m k u Pi + 8 + (16A ) 2 t J 

±1 ±3 Pi^l fc il 

if • 1 } U. «, 

1 V" e - J 1,P1 4- fc l'Pl 1 

+ ^Jodd P1 |f fcl | F^™ 1 W + PP 1 



(fc2+fc3 fcl+ i )T } 

\ \ \ \" W ! I ^ 1 + ljA 0"fcl,Pl"fc2,P2"'fc3.P3 

2-^ 2-^ 2-^ 2-^i 2-^i Z-^i (-t)(pi+P2+P3)/ 2 



— odd p| > \k^\ 

±1,±3,... l<i<3 
l<i<3 
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+EEEEEE 



— odd Pi — l^il 

±1,±3,... l<i<3 
Ki<3 



. , {k 2 + k 3 -k 1 + l)T- 

H 2 U^+lWuT u7 u7 In 1*1 

^1 >P1 ^2 >P2 ^3 'P3 
16A (-t)( J 'l +J, 2+P3+ 2 )/ 2 



:[ (* ! l- fc 2 + fc 3~J c 4+* ; 5 + 1 ) T i 



+ ! I "fc 1 .PI U k 2 ,P2 U H .P3 % .P4 " fc 5 .? -. 



2(— t)(Pl+P2+P3+P4+P5)/ 2 



fej — odd pj > | fcj 

±1,±3,... l<i<5 
l<i<5 



.■ r ( fc 2 + fc 3- fc l+ 1 ) T i , 

H 2 'i(u7 ) u7 u7 

V fcj.Pl^ fc2-P2 fc 3 



+ E E EE E E 8A (-i)( p i +p 2+P3+ 2 )/ 22 ' P2 ~ ~~ °' ( 79 ) 

fc i= odd Pi>|fcil 
±1,±3,... l<i<3 
l<i<3 

where r" :=4A$i+z/ In \t \, v:=u{\ Q ), f ■■=d\ f(\ ;t)\ t = {ixed , and /:=^/(A ;i)|A =flxed- 



Corollary 6.1.1 To 0((-i)~ 7 / 2 ), i/ie espftci* recurrence formulae for the coefficients of 
the asymptotic expansion for Q(x,t) given in Lemma 6.1.2 are given in the Appendix. 

Now, analogously as at the end of Sec. 3, one notes that, in order to solve the recurrence 
relations for u~ p y(Ao), explicit, a priori knowledge of u^ 10 (Ao) and iCi jP)( j(Ao), p > 1, 
< q < p — 1. is required: the expression for u~ 1 (Ao) is given in Theorem 2.2, Eq. (14). 
Hence, it remains to determine iC-^ (Ao), P > 1> < g < p— 1: up to p = 6, this is the 
programme of the following subsection. 

6.2 Explicit Representation of uZi pq {\o), l<p<6, 0<q<p— 1 

The RH factorisation problem associated with the first-order stationary phase point at 
the origin, denoted as m^(x,t;A) := m^(A), is solved asymptotically as t ^ — oo up to 
1)~ 7 / 2 ): from this asymptotic expansion for m^(A) and the resulting expression for 
2zlim x^oo (Am^(A))i2, explicit (integral) representations for wZ 1 „„(Ao), l<p<6, 0<g< 

p— 1, are deduced. 




?( 2 ) / \ C(4) 

Figure 7: 



Lemma 6.2.1 ([||, |10[) S'ei := U^ =1 ^ (Fig. 7). As t — > — oo anc? x — > +oo suc/i i/mi 

Ao>M and (x, t) gR 2 \ O n , /or those 7 n 6 (§,tt), i/iere exists a unique function m^(A):C\ 
>SL(2,C) which solves the following RH problem: 

(1) m q c (X) is piecewise holomorphic V AeC\$;; 

^ m^(A) satisfies the following jump conditions, 
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where 



^(A)| y2 ^> =I-(^c(A))*(P-(A))- 1 (5-(A;Ao))- 2 e 2 ^ A;A( ') ( T_, 

u k=l ? C 

4(A)| u4 w fc) =I-^ c (A)P_(A)(<5-(A;Ao)) 2 e- 2 ^o) (J+) 

|2\ 



«5-(A;A ) = exp{j£ := exp{(I a +I /3 )(A;A )}, 

n-l f(\-M)(\+\ij\ 2 n r\.\\_o\2(\2_ \2^ 



-P-(X) :=nr=i ' p(A;A ) = 2A 2 (A 2 -2A 2 ) ; (ft c (A))* denotes toe same 

function as TZc(X) except with the complex conjugated coefficients, 1Zc(—\) = —lZc(\), 
TZc(X) is a piecewise-rational function which decays like 0(\~( k+7 ^), k £ Z>i, as 

A^oo ; Ag$j\{0}, and has, for AG (uf =3 ^^)n{A'; |A'| <e}, where e is an arbitrarily 
fixed, sufficiently small positive real number, the following Taylor series expansion 
about \ = 0, 

-Hc(\)V-(\) := R'_(0)X + ^ W (0)A 3 + ^ y (0)A 5 + 0(X 7 ), 

with 

R'_(0) := r '(0)g(0)-r'(iO)g(iO), 

JjiT'(O) := |rr'(0) 5 "(0) + 31^(0)5(0) - MW( i0 ) - ^"(iO)g(i0), 
1^(0) := ^'(0)^(0) + ^r"'(0)g"(0) + ^(0)<?(0) 

- j,r'(i0)g IV (i0) - ^r"'(iO)g"(iO) - ±r v (i0)g(i0), 

where 



r'(0) := (^| AeM )U=o, r'(i0) := (^| A6lR )U=o, 
r"'(0) := (^l AeM )U=o, r»>(i0) := (^| A6lR )U=o, 
r V (0) := (^I AgM )U=o, rV(iO) := (^| A6lR )U=o, 



ana 1 



y(0) = £(i0) := s_, g"(0) = -g"(i0) := -8is_ £_^, 
5 /V (0) =5 /V (i0) := -192s_(E_^) 2 +48is_E-^ 2L , 
wito s_ :=exp{4i£_ li}, and E- — E^] 1 ; 
f3j as A^oo, AgC\? c , 

m|(A) =I + 0(A- 1 ). 

Moreover, m^(A) satisfies the following symmetry reductions, m^(A) = ^m^- A)o"3 and 
m^(A) = <7im^(A)o-i. 



Proposition 6.2.1 TTte solution of the RH problem for m^(A): C\§j — ► SL(2,C) formulated 
in Lemma 6.2.1 has the following integral representation, 

mM)= + £W (^-A^t) 2^' A€€Uc ' 

where, for j £{1,2}, 

n3l c (■) = n)i c (■) = 0, 



(-425) = - (^ c (A))*(P-(A))- 1 e- 2 ( I « +I '3)( A ; A o)e 2 ^ A;Ao V_ 
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(77=-) = - n c {X)r^{X)e 2 ^ +1 ^ X ' Xo h^ 2it P^ x ^a + 



x -~t 



with 



- (^(A))*(P4A)) _ V 2 ^ + W : ^)e Mt rt A;A °) :=£ 



A= 



Jp(w;X ) 

w ^ (_ t )p+l/2 

' - p=0 ^ ' 



. / ^(w;A )exp{8a§w 2 } N \ 
+ ^ ^ (37)772 J , 

JP(w;\ ) :=wRU$)e- 2i4l -^e SiX l w2 , 
J? (w;X ) := (-2u> 3 iT(0)ao -^ 5 i^+|F(0)!« 3 )e- 2 ^( A ^e 8a o'" 2 , 
j5f (w;A ) := (-2w 5 « 7 I(0)6 +2w 5 #T(l))( a o ) 2 +8ra 7 ^I(0)ao -8^^1(0) 
- 2a^w 5 jfWffij- &w 7 ^iF(0) + ^(0)u> 5 )e^- ( A °) e 8 ^ 2 , 
||^(-;Ao)exp{8iA 2 (-) 2 }|| £fc(v ^ u? _ i ^). (C) = c(A ), fc€ {l,2,oo}, 

_^ c (A)p_(A)e 2 ( I «H- I / 3 )( A ^)e- 2 Wo) w := £ £<g$ 

A= 7=T p=° 1 ' 



, / - ^"( W ;A u )cxp{-8ag W 2 } 
+ (.4)7/2 

^(^^q) (0)e 2 ^-( A °) e - 8a <> 2 , 
(^;Ao):=(2w 3 i?'_(0)ao +4ra 5 i? / _(0) + ^i?'"(0)u; 3 )e 2 ^-( Ao )e- 8iA o w2 , 
J« (u, ; Ao) := (2u> 5 i?'_ (0)o +2w 5 J R'_ (0) (a ) 2 +8fu; 7 i? / _ (0)a|r - 8u> 9 i?'_ (0) 
+ 2ao^ 5 ^« w (0)+4itt; 7 ii? w (0) + ^i? y (0)u; 5 )e 2 ^-( Ao )e- 8a o w2 , 

ll^ Q (-;Ao)exp{-8a 2 (-) 2 }|| i:fc(v/ ^ u 4_ 3 ^). C) =c(Ao), fc€{l,2,oo}, 

A ( \ \ ._ roc Ml-\r{Q\ 2 ) dij - ._ r oo ln(l-|r(g)| 2 ) dg ._ f0 p ln(l-|r(Q| 2 ) 

and, /or arbitrary JV„sZ>i, 

ll^'' p (' ;Ao ^U ;e{2 , oo} £H^«\{0};Af 2 (C))^£ 2 (^?c\{0};M 2 (C)) < 00 ' 
1 1-?* (-;A )| lu, e{2i00} £'(>/=t «\{0};M 2 (C))-Z?(,/=t ? c \{0};M 2 (C)) = ° ( (-A^'i+3/ 2 ) " 

Proposition 6.2.2 Lei iV Q G Z>i. Taen for l<p'<2 and 0<p< N Q , fi p ' , p (w;Xo) satisfy 
the following involutions, p-p',p(w;Xo) = asp-p' j p(—w;Xo)as and fi p ' , p (w;Xo) = 0i'j2p',p(w;Xo)cri- 

Using the fact that the coefficients nI 1?)? (Ao) :=n~ lp ,(Ao), 1 <p' < 6, are determined 
by the relation 2zlim a^oo (Am^(A))i2 :=Ep'=i J 1 '^ /°2 i an d proceeding as in the proof 
of Lemma 4.2, one obtains the following. 



Lemma 6.2.2 As t — > — oo and x — > +cx> snc/t f/iai Ao > M and (x, t) G IR 2 \ /or i/tose 
JMIim (A4(A)) 12 := £ ? B=1 ^ff W) ' + 0(^f (A )(-t)' 7 / 2 ), 
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where 

«Il,l,o( A o)=0, u ~l,2fl(. X o) = tR ~xp3° , ^l,2,l( A o) = 0, 

M -i,3,o( A o) = lR ~^° So°fiu( ^SFj^- ;Ao)e~ g d$, nl W (A ) = uIi i3i2 (Ao) = 0, 

U -l,4,0l A 0j- wA 4 2 5 + ^ A 4 2 6 + ^ A ;i 2 6 + JO A*ll I 2 3/2 An ,A())e d$ , 



23/2 A 

, . -o-' »"o- «-o- 11 '""^ 

M -l,4,l( A o) =U -l,4,2( A o) = u ~l,4,3( A o) = 0, 



-=i,5,o( a o) = ^S^/o~mM 



+ n \p7 JO Mill 23/2A ' A °^ e ttA^ Jo Mill 2 3/2A ' A °- )e 



-l,5,l( A o) = u -l,5,2( A o) =^-l,5,3( A 0) =^-l,5,4( A o) = 0. 



U -l,6,0l A 0j- ^8 : : vX iU 2 9 

3i(2R'_(0)g- + ±R'!!(0))s- (2R'_(0)% +±R'!!(0))s- roo ^ b , gi/yj; . x c 

^Ap5 + Jo Mill 2 3/2 A ,A J^e <«; 

+ ^Ap7 Jo Mill 2 3/2A ' A °^ e ^Ap 3 Jo Mill 2»/2A ' A °/ e 

M -l,6,l( A o) =Ml l,6,2( A o) =^Il,6,3( A o) =^Il,6,4( A o) =^Il,6,5( A o) = 0, 

— fa V- H2R'-(0)bo+2R'_(0)(av) 2 +2a-±R^(0)+±RV(0))sc roo ^ Q , \t2 p -Ut 

A cl A 0j-- ^29 Jo Mill 2 3/2a ' A °/? e °^ 



i(2fi'_(0)a- + i r ^(0)) s - op £1/2 yrf r -f^ 1 ^-(0)^7 roo^e ^ 1/2 , e "^ -\ 

^Apw Jo Mill 2 3/2 A() > A oJ4 e *d$ + Jo Mill 2 3/2 A() > A oJe s d$ 

~ 7TA1U212 Jo Mill 2 3/2 a , A o)£ e + ^7 Jo Mill 2 3/2 Ao > A o)C e 

H ^Ape Jo Mill 2 3/2 Ao > A 0K e «4j 

Sq :=exp{2i0_ (Ao)}, i?'_(0), ^^"'(O), and ^ji?^(0) are <7iuen in Lemma 6.2.1, <^_(Ao), ag , 
and 6g are given in Proposition 6.2.1, Atfi(-;Ao) := (/ii,o(-;Ao))ii, A*ii(-;Ao) := (^2,o(-;Ao))ii, 
Mii(sAo) := (j2i,i(-;A ))n, MiiOlAo) := (M2,iC;A ))ii, and Jxf 1 (-;X ) := (j2i,2(-;Ao))n, ^ere 
(Ma,/?(" ;Ao))ij denotes the (ij)th element of ju a ,/?(sAo)- 

Finally, proceeding as in the proof of Lemma 4.3, one obtains the following. 

Lemma 6.2.3 As t — ► —00 and x — > +00 snc/t i/ia£ Aq > M and (x, t) 6 M 2 \ Jl n; /or i/tose 
7 n G(^,7r), Q(x,t) has the asymptotic expansion given in Theorem 2.2, Eqs. (10)-(27). 

6.3 Asymptotics of ((# _1 (:r, t\ 0))n) 2 as t^-oo 

Using Proposition 5.1, and proceeding as in (the proof of) Lemma 5.1, one obtains the 
following. 

Lemma 6.3.1 As t — ► — 00 and x — > +00 snc/t that Ao > M and (x, i) G IR 2 \ VL n , for those 

7n€(f ,7T), 

((^(x, t; 0)) n ) 2 = exp{i arg g_(x, + (<^^j|p) , 
where argg_(x,t) is oiven in Theorem 2.3, Eqs. (46)-(51). 

Lemma 6.3.2 As t — > —00 and x — > +cx) suc/t t/iai Ao > M and (x, t) 6 R 2 \ VL n , for those 
7 ra e(§,7r), q(x,t) has the asymptotic expansion given in Theorem 2.3, Eqs. (45)-(51). 
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Lemma 6.3.3 As t ^ — oo and x — > — oo such that Ao := J \{j — ~) > M, f > 7, s£ M>o ? 

and (x,i) G IR 2 \ f2 n , /or t/iose 7 n G (f,vr) ; u(x,t) has the asymptotic expansion given in 
Theorem 2.4, Eqs. (56)-(66). 
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Appendix 



To 0(t~ 7 / 2 ), the explicit recurrence formulae for the coefficients of the asymptotic expan- 
sions for Q(x,t) given in Lemmae 3.4 and 6.1.2 are listed here (they are derived from 
systems (78) and (79) upon equating coefficients of powers of like terms on both left- 
and right-hand sides). With respect to the recurrence formulae given here, the following 
must be borne in mind: (1) v := v(\q); (2) ^ := 4Agt =F In (3) p := ^(Ao; t) : = 

Ey~Jo l < Ay (A )(ln|t|r'; (4) /' := d Ao /(A ; t)\ t = fixcd ; (5) / := d t f(\ ; t)\ Xo = fixed ; and (6) 
the upper/lower signs are taken as t^±oo. 

4A^ 1 -4A^ 1 = 0; (A.l) 

(2) O^t^exp^}), 

4Agu± 2 -4Agu± 2 = 0; (A.2) 

(3) O^tr^expiir^}), 

+ - 4A^J 3 - = o; ( A - 3 ) 

(4) 0((±t)~ 3 / 2 ), 

±itut 1 , 1 T^T " 2Xf^~Ai u± i,i ~ 2Ag^n ± lil ^ 1 = 0; (A.4) 

(5) 0((±t)- 3 / 2 exp{2ir ± }), 

8Agu± 3 - 16A^ 3 = 0; (A.5) 

(6) 0((±t)- 3 / 2 exp{-ir ± }), 



-4A^± 3 3 - 4A^± 3)3 - 2A 2 ^ 1 n± 11 n ± 11 = 0; (A.6) 

(7) ©((zfcO^expftr*}), 

±^P - 4A^± 4 - 2A 2 ^u± 1 u± 2 - 2A 2 ^u± 2 u± 1 - 2A 2 ^n± 1 n± 1 = 0; (A.7) 

(8) 0((±t)-% 

±itii^ 1 2 =F iu-i 2 T ° 2 ~ 1,2 — 2\ 2 ] uf 1 uf 1 u : ^ 1 2 — 2Agwf i u t2 

-2Ag^ 1 n^ 2 n ± 11 - 2A 2 ) uJ 1 u ± 12 uJ 1 - 2\luf 2 uf tl ut 1A - 2A 2 ) uJ 2 u ± 11 uJ 1 = 0; (A.8) 

(9) 0((±t)- 2 exp{2ir ± }), 

8X 4 uf A - 16Ag«± 4 = 0; (A.9) 

(10) 0((±t)- 2 exp{-ir±}), 
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- 4A 0^-3,4 - 4A 0^-3,4 - 2A 0^1^1,1 U -1,2 - 2A 0«M^1,2^1,1 

-2Xf^~ut hl ut 1A = 0; (A.10) 

(11) ©((i^-^exp^}), 



vu 



_j_ Ao^'m^ 3 In |t| 4 _|_ . . _j_ 3m^ 3 iAou^g iv'u^'^ In |t| u/'u^ In |t| 

1,3 2~ ^ 4A U 1,5 ± z * u l,3 T " T 2~^~ ^ 32A^ ^ 64A^ 

i^t^jlnjt| iApu^ m^g (z/) 2 ^^ |t|) 2 | Api/u^, In |t| 4 ± 

± 64^ ± ± -3 64A^ + 2 4A n l,5 

+ 5aJ " S| " 2A U tl«tl^3 " 2A 0«tl«-l,1^3 " 2A 0^1^2^2 



— 2Aoii^ 1 it^ 3 u^ 1 — 2Aon^ 1 tt^ 3 tt^ 11 — %^U\ t 2 u i,i u i,2 ~~ 2A o tt i^2 u i^2 u i^i 

+ 8Ao 8A 2 2 

, _|_ _|_ M l,l"-Ll"-1,1 M 1,1 M 1,1 



.± ...± ..± „.± „.± „.± „.± ..± „.± 



, M l,l"-l,l"-l,l"-l,l"-l,l _|_ "-l,! - "!,!"!,! - "-!,!" - !,! , "-1,1 "-L1 "1,1 
2 "T" 2 2 



± . ± 



| "-l,l M -l,l"l,l M -l,l M -l,l _|_ "-l,l"-l,l"-l,l"-l,l"l,l Q. ^ -^-Q 

(12) 0((±t)" 5 / 2 ), 

±i*«i 1>3 T 3J 4 1A T + ^ - ^ - 2A oW^<3 Al " 2A 0^U<2^1,2 



- 2A 0«tl«-l,2^2 - 2A 0«il«-l,3^1 - 2A 0«tl«tl^-l,3 " 2A 0^1^-l,l«t 3 
— 2Ao«^ 2 ' U l!l t ''-l,2 ~~ 2A tt K2' U -l,l n K2 ~~ 2A U K2 U K2 tt -l,l ~~ 2A tt K2 tl -l,2' U l!l 



" 4A 0<3<1<1 " 2A 0<3^1,1<1 " 2A 0<3<1«-1,1 + " — 'sAo 
~r 8A ' 8A + 8Ao + 8A 



M l,l M l,l"l,l M l,l M -l,l _|_ "l,l M l,l"-l,l M l,l M l,l I "l.l"!,!"-!,!"-!,!"-!,! 

9 < 9 < 9 



I "l.l"-!,!"-!,!"!,!"-!,! , , M -1,1 M 1,1 M 1,1 M -1,1 M -1,1 



_i_ "-i,i"-i,i"m''m''-li , "-i,i"-i,i"-i,i"li"li 
2 "r 2 2 



1 2 

(13) 0((±t)- 5 / 2 exp{2ir ± }), 



"-l,l"-l,l M -l,l"-l,l"-l,l g. ^ ^2) 



2 ""i:; " A o^3 ^ 1/ + 8A^± 5 1 itA± s T ^ ' ; ' - ^ 



2 



iiAouJa ± mj 3 + 2A ^u| 3 In |t| - 16A^ 5 - 2A§uJ 1 uJ 1 ujj;g 

ZA tt l,l"3,3"l,l + ZA u -3,3^-l,l u l,l + ZA tt -3,3 n l,l n -l,l + 8A 

, M 1,1 M 1,1 M 1,1 M -1,1 M 1,1 _|_ M l,l M -l,l M l,l"l,l M l,l , "l,l M -l,l"l,l"-l,l"-l,l 

2 2 2 



u l,l u -l,l u -l,l u -l,l u l,l i 



| "1,1-1, 1-1, 1-1, I" - !,! _|_ -1,1 "-1,1 "1, 1-1,1 "-1,1 Q. ^ 23) 
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(14) 0((±t)- 5 /2 exp {_ iT ±}) j 



± . A v'u*3 3 ln|t| 

~ vu -3,3 + 2 

Ao^'u^ 3 3 In \t\ 



4A 0^3,5 ± ^-3,3 =F 



_,3 »-V>"-3,3 iA 0"-3,3 

+ 2 + 5 + 



+ - — - - 4A(^ 3j5 - 2 ^o^i"^i M -3,3 - 2 Ao^>-i,i«-i,3 - 2Ag^ui lj2 «^ li2 



-2Aq , u^ 1 'u^3 j 3U^ 1 2A 2 1 ti^ 1 u,^ 13 u^ 1 j 2Ao^2' u -i,i n± i,2 2Aoii^ 2 tt^ lj2 u -i i i 



-4Ag^ 3 n± 11 u] t ; i - 4Ag«J 3 uJ 1 u^ 1)1 - 2Ag«J 3 ui 1)1 «i 1| 



+ 



f 'Mj i n _i i l n 1*1 j u 1 1 u 1 l u_ 1 1 u 1 1 



8A 



8A 



+ 



+ 



u -i,i u i,i u i,i u i,i u -i,i 



+ 



+ 



"-l,l"-l,l"-l,l"l.l"-l,l 

2 



(15) 0((±t)- 5 /2 eX p{3iT ± }), 



12A^± 5 - 36Agu* 5 + 2A^^ 3i3 n^n^ + 



k 4..± 



2lT 



1,1 "-1,1 "1,1 "-1,1 "1,1 



= 0; 



0; (A.14) 



(A.15) 



(16) 0((±t)- 5 / 2 exp{-2ir ± }), 



0; 



i4„.± 



4A 0^3 E 3«-1,1 U -1,1 + 



'-i,i m i,i"-i,i u i,i"-i,i 



(A.16) 



(17) ©((it)" 3 ^^}), 



iu'u 1 2 In |t| iAouf^ utf 4 
± F7T3 ± o ± - 2^" 



w/'u± 2 ln|t| 
: .', n 



A u zAi± 4 ln|t| 4 , , , Oq^ i„"u± h 

2 h 4A n 16 ± zru lj4 =f -^1,4 =F 2 ^ 32]^ ^ 64A|f 

K ) 2 M ± 2 (ln|t|)^ A (] zAi± 4 ln|t| 4 ± 

— 64A^ + 2 4A U 1,6 



"^12*°W 1 lX u i 4 4 C^2_^l 2( ln l t D , A( 1 ^'M 1 4 ln|t| 4 ± 

64A^ ± 2 ± 2 64A^ h 2 4A U 1,6 

"64a| ~~ 64a| ~~ 2AQU i ^ 1 u i t 1 n i t 4 - 2AoM^ 1 n^ 11 it 3 ^ 4 — 2AoU^ 1 u^ 2 u^ 3 
-2Agt(^ 1 ti^ li2 M^ 3 — 2Ao^ 1 «^ 3 u i t ; 2 — 2AoM^ 1 n 3 ^ 3 tt^ 12 - 2\QV^uf 4 uf l 
— 2Agtt^ 1 ti 3 ^ 4 tt^ 11 — 2AoU^ 2 n i ^ 1 n i ^ 3 — 2A 2 |U i ^ 2 M: t lil u 3 ^ 3 — 2Ag-u J ^ 2 ti^ 2 u i ^ 2 
2Ao u ^2 n i^3 tt M ~~ 2AoU i ^ 2 n 3 ^ 3 iti t ijl — 2A 2 1 ti^ 3 u^ 1 ii i ^ 2 + 2AoU ± 33 n ± 1)1 M ± 12 



'2A^ 

-2Agu 1 E 2 "n i t 3 u J 1 ; 1 - 2Agu i E 2 "n 3 ^ 3 u! t : lil - 2A^J; 3 ^ 1 u^ 2 + 2A^ 33 t 

t -i,2 n -i,i ~~ 2AoU i ^ 4 u i ^ 1 tt^ 1 + 2Aon^ 34 ti d : ljl u^ 1 j 

H»l.l) "l,l n 1.2 

8A 



-2AoUi ! ; i -«i ; . 2 «i. 1 + 2Ai i ) ui 33 -«_ 1;2 

,^r~ _i_ 4- . ,., r~c -t- 4- . ,., ,—£- ± ± . . 

v 2 -11 ! jWj j In \t\ 



+ 8Ao 

8A + 



8A + ' 

l '" ± -" ± - ^ ("-l,l)'-"-l,1^2 ^J^i _ 

8A ^ 8A ^ ' 



8A + 

= -^i '( M -l.l)'«12»-l,l 
+ 8A„ 



i"i,i 



v 

=F .... 

l)'-"-!^"^! iCM^)^^^! »("-i,2)'"^l"-l,l »("-1, 2 ) /m -1 

+ 8A + 8A + 8A + 8A 

, M 1,1 M 1,1 M 1,1 M 1,1 M 1,2 _|_ M l,l M l,l M l,l M -l,l"-l,2 I "l.l"!,!"-!,!"-!,! 

2 2 2 

"l.l"-!,!"!,!"!,!"-!^ 1 "l, 1 M - 1 , 1 1,1 U l , 1 U l ,2 . u l,l"-l,l M -l,l M -l,l"-l,2 
2 2 ^ 2 

"-l,l"-l,l"l,l"-l,l"-l ,2 



l"l,2 



+ 



+ 



M -l.l M -l ,l M l,l M l,l"l,2 , 
2 "r" 



-l.l"l.l"l,l"-l.l"l,2 _|_ 

2 z z 

M 1,1 M 1,1 M 1,1 M 1,2 M 1,1 _|_ "l,l"l,l"l,l M -1.2"-l,l 

2 "i" 2 



z 

l "-1,1 M -1.1 M -1,1 M -1.1 M 1,2 _|_ M l,l M l,l"l,l M l,2 M l,l 
2 2 

, "l.l"!,!"-!,!"-!, 2^1,1 _|_ "l.l"-l,l M l,l"l,2"-l,l 
~T~ 2 "i" 2 



_l_ "l,l"-l.l"-l,l"l2 M l,l 
2 
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U t,l U -l,l U -lA U -l,2 U -lA 



+ 
+ 



l."J...I."J I." .2" I , "-l,l U -l,l lt M"l^2 U M 



+ 



n -l,l"-l,l"l,l"-l,2"-l,l _,_ M -l,l tt -l,l n -l,l tt -l,2 tt l,l _|_ "l,l"l,l"l,2"l,l"l,l 



, M 1,1 M 1,1 M 1,2 M -1,1 M -1,1 _|_ "li"i,1 M -L2"-1,i"l1 . "l.l"-!,!"!^"!,!"-!,! 
T ~T 9 T 9 



„± I± „.± 



,± I± ..± I± ,.± 



l W 1,1 W — l,l u — 1,2 U 1,1 W 1,1 , u l,l w — l,2 u — l,l u — 1,1 , w — l,l u l,l w l,° w — 1 i u 

' 2 1 ' 2 ~~ 2 



M -1,1 M -1,1 ,1 M M U M U , M -l,l"-l,l"i;2"-l,l M -l,l I "-l,l"-l,l"-l,2"-l,l M M 
9 T 9 I 9 



,± ,.± „,± „.± „,± 



i M 1,1 M 1,2 M 1,1 M 1,1 M 1,1 _|_ M 1,1 M 1,2 M 1,1 M -1,1 M -1,1 , "l.l"!^"-!,!"-!,!"!,! 
T o T o -f 9 



,.± I± „.± 



,± I± ..± 



„± I± ..± I± „ ± 



i M l,l"-1.2"l,l M l.l M -l,l , "l.l"-!^"-!.! - "!,!"!,! , U l,l"-1.2 M -l,l M -l,l"-l,l 
2 2 2 



I M -1,1 M 1,2 M 1,1 M -1,1 M 1,1 _|_ M -l,l M -l,2"l,l M l,l M l,l , "-l,l"-l, 2^1,1 "-1,1 "-1,1 
~T 9 ~T 9 ~T 9 



,± „.± ..± ,.± ..± 



,± ..± „.± ,.± „.± 



M -l,l"-l,2"-l,l"-l,l"l,l _|_ M l,2"l,l"l,l"l,l"l,l ■ "l^"!,!"!,!"-!,!"-!, 
2 <~ 2 "T" 2 

2 



+ 



'j_ ::" i "' ! '' J_ I M -i,2"l,l"l,l"-l,l M l,l _j_ "-l,2"-l,l"l,l"l,l M l,l 



+ 



I M -l,2 u -l,l u l,l"-l,l u -l,l I 1,2^-1, 

~T 9 "T 9 



2 

= 0; 



(A.17) 



(is) o((±r 3 ), 



+»W ± T 2»7I ± zr iA °"-M , "-1,2 

±itu_ 1A =F -^_i )4 =F 2 r 



±# - 2A^ 1 uJ 1 u± 14 - 2A^ 1 u± 11 mJ 



2„,± „,± „,± o\2„,± „,± „,± 



— ± ± , ""l<il a H*l 



-2Ao«J l«-l,4«t 1 " 2A 0«t 1 - 2A 0^2^1^1,3 " 2 K u l,2 U -l,l U h + ' "" 1 ' 1 8 

— 2AqU^ 2 ' u 1^2' U -1,2 ~~ 2Agtt^ 2 ' u -^l ) 2 n 1^2 ~~ 2AQU^2 M - t l i 3 ll l^l — 2Agtt^ 2 ' u l^3 u -l i l 



— ± ± , «/'(|«+| a )'ln|t| 



8A 

+ |2\/ n 



2Ao^i;3 n± i,2' u ti ~~ 2AoU* 3 ti* 2 tt* 11 - 4Aot^ 4 u* 1 u* 1 - 2Aott* 4 u* ljl tt* 1 



>2„,± „,± „,± 



2„,± „,± „,± 



+ 



+ 



" 2A U 1,4 U 1,1 U -1,1 8A ~ 1 ~" 8A " " ' ~ 8A 

' + 8A + 8A„ T 



8A 



(uf iUfj *(w^l,l)'«^l,l«il,2 -,_ '("fl)'"^^!,! ^ *( u i;i)' u ^l,2 u i;i 



8A 



8A 



8An 



8A 



8A 



- =F 



8An 



=F 



^("-l.l)'"-!^"-!,! _^ '("^'"M"-!,! _,_ ^f^Y^-lA^t,! _ '("-l,2)'»-l,l"-l,l 



8A 



8A ' 8A 



8A 



I M 1,1 M 1,1 M 1,1 M 1,1 M -1,2 | "l,l"l,l"-l,l"l,l"l,2 , "l,!"!,! - "-!,!"-!,! - "-!^ 
~T 9 ~T 9 ~T 9 



"l.l"-!,!"-!,!"!, l"-l,2 _|_ "-l.l"!,!"!,!"!,!"!^ j_ "-l.l"!,!"!,!"- 1,1 "-1,2 



+ 



"-l.l"!,!"-!,!"-!,!"!^ _|_ "-l,l M -l,l"l,l M l,l"-l,2 j_ "-l,l"-l,l"-l,l"l,l"l,2 



+ 



, M -l,l"-l,l"-l,l"-l,l"-l,2 , u t,l U t,l u t,l u f.2 M ^l,l | M M M 1^1 M -1,1 M 1^2 M M 
"T 9 ~T 9 ~T 9 



1 '2 I.I " I.. I. " . I " I i'l j" L | "-l.l"!,!"!,!"!, 2"l,l 



+ 
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, tt -l,l"tl''M''-1.2"-l,l _|_ "-1.i"m"-1.i"-1,2"i!i i "-1,i"-1.i"m"^2"-1,1 

~t~ 2 2 ^ 2 



I "-l,!"-!,!"-!,!"!, 2^1,1 , "-l,l"-l,l"-l,l"-l,2 M -l,l , "l.l"l,l"l,2"l,l"-l,l 
~*~ 2 "r 2 "i" 2 



I M l,l"l,l"-l,2"l,l"l,l _|_ "l,l"l,l"-l,2"-l,l M -l,l , "l.l"-!,!"-!^"!,!"-!,! 

2 2 "T" 2 

, M -l.l"l,l"l,2"l,l"l,l _|_ M -1,1 M 1,1 M 1,2 M -1,1 M -1,1 | "-l,l M l,l M -l,2 M -l,l"l,l 
2 2 2 



I "-l.l"-!.!"^"^!"-!,! I n -l,l"-l,l M -1.2 M M"M I "-l.l"-l.l"-l,2»-l.i n -l,l 

2 2 2 



, M l,l"l,2"l,l"l,l"-l,l _|_ M 1.1 M 1,2 M -1.1 M 1,1 M 1.1 , "l.l"!^"-!,!"-!,!"-!,! 
2 2 2 

"l,l M -l,2"-l,l M l,l M -l,l _|_ M -l,l M l,2 M l,l"l,l M l,l _i_ "-l,!"!^"!,! 11 -!,!"-!,! 



I M -l,l"l,2"-l,l"-l,l"l,l _|_ "-l,l"-l,2"l,l"l,l"-l,l _|_ M -l,l"-l,2 M -l,l M l,l"l,l 
T n ~T o T" n 



, M -l,l"-l,2"-l,l"-l,l"-l,l _j_ M 1,2 M 1,1 M 1,1 M 1,1 M -1,1 _|_ "l,2"l,l"-l,l"l,l"l,l 
2 2 2 

1 
2 



T o "T n 



"-l^"!,!"!,!"- 1,1 "-1,1 _|_ "-l^"!,!"-!,!"-!,!"!,! _j_ "-1,2 M -1,1 M 1,1 M 1,1 M -1,1 



2 



U -1,2 U -1,1 U -1,1 U 1,1 U 1,1 i U -1,2 U -1,1 U -1,1 U -1,1 " I. J 



(19) 0((±t)- 3 exp{2ir ± }), 

2vuf 4 — Xov'uf^ In \t\ + 8AqU^ 6 ± itiif^ =F 2iu^ 4 =F — y^- 
±iXou^' A ± mj 4 + 2A z/uf; 4 In |t| - 16A<JujJ; 6 - 2A^ E 1 ~uJ 1 ?4; 4 

~^^0 u t,2 u f,3 u t,l + ^^0 u -3,3 u -l,l u t,2 + ^Ao^s^U^i^i^ + 2Ao7/^3 ) 3M^ 1)2 li^ 1 
: 2X 2~^ ± ± , 2A 27^ ± ± , 2A 27^ ± ± »(»-i,i)'"m<2 



^("-1,i) /m 1,2 m 1,1 _ ^("-l,2)'"l,l"l,l , J J. - J .1 " I... I " l. . I. ■■ I. . 2 



l,l"l,l"l,l"-l,l"l,2 , "1,1 "-1,1 "1,1 "1,1 "1,2 



8Ao 8A ( , 

w l,l u — l,l w l,l w — l,l w — 1,2 i W 1,1 U — l,l w — l,l w — l,l w l,2 i U —1A U —1,1 U 1A U —1,1 U 1,2 



1,1— 1,1— 1,1— 1,1 1,2 _j 



u l,l u l,l u l,l u — 1,2 U 1,1 I U 1,1 U -1,1 M 1,1 U 1,2 U 1,1 I u l,l u — l l u l l u - 1,2 U — 1,1 



+ 



, M l,l tt -l,l tt -l,l' u -1.2"l,l _|_ M -l,l"-l,l"l,l"-l,2 M l,l _|_ "l,l M l,l M l,2 M -l,l M l,l 
2 "i" 2 "r 2 

I w l,l u — 1,1 U 1,2 W 1,1 U 1,1 i w l,l u — 1,1 W 1,2 W — l,l w — 1,1 , U 1A U — 1,1 W — 1,2 U — l,l w l,l 



+ 1,1 —i,i i,^ —i,i —i,i 



I M -l,l M -l.l"l,2 M -l.l M l,l | ".I . J " J .2 " I . I. " I 1. " I... I '_' 'J_ L.2 " 1 . I. " I.. I. " I . I 

2 ~*~ 2 "r" 2 

I "l.l"-!^"!,!"-!,!"-!,! i "l.l"-l,2 M -l,l"-l,l"l.l i M -l,l M -1.2 M l,l M -l.l"l,l 

~T~ 2 2 "T" 2 

i n l, 2 W 1, l w l, l u — 1.1^1,1 i u l,2 U — l,l w l,l w l,l u l,l , W 1,2 W — l,l w l,l u — l,l w — 1,1 



+ i,z —i,i 1,1 1,1 1,1 L 



2 ^ 2 



(20) 0((±t)- d exp{-ir ± }) ) 



I "l^2 M -l,l"-l,l M -l,l M M _|_ M -1,2 M -1,1 M M M -1,i"m Q. ^ -j^g-j 

±1 



~™%A + " 4a o«-3,6 ± ^-3,4 T 2m^ 3>4 T 
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iX u %,4 _._ iu -3,4 | ^0^^-3,4 ln 1*1 A\4 ± 



_2 ^0' u tl n -l,l' u -l,4 



+ 

V 27T~„,± „,± 



4Aguf 3 6 - 2\f^uf A u ± 3A 



2Xiuf i It? nil 1 , o — 2AnUfi U^i n1l ± i o — 2Anlif i U^o nU 



v "1,1 "1,2 "-3,3 



2A l( %l' u -l,3 u -l,2 ^AgU^ltf 34^^ 2AoU^ 1 U^ 14 tl^ 11 2AoW^ 2 n l^l u ^3,3 
- 2A o^2 n± l,l u± l,3 - 2A 0^2 U± 1,2 U -1,2 - 2A 0^2«^3,3 u tl ~ 2X u t,2 u± l,3 u -l,l 



v27T"„,± „,± 



"1,1 "-1,2 "-1,3 
2 ± „.± „.± 



0"1,1"-3,3"1,2 
2„.± „.± „.± 



4Ag«J 3 ui 1)1 u^ 2 - 4Agu^3«?; 1 «^ li2 - 2Agiff )3 t£ 1)1 i£ li2 - 4Agu^ 3 «* li2 ti^ 1 



v2„,± „,± „,± 



2„,± „,± „,± 



i2„,± „,± „,± 



v27^„,± „,± 



27^„,± „,± 



± „.± 



8A 



+ 



8A 



+ 



8A 



=F 



— =F 



8A 



8Ao 



8A 



+ 



M -1,1 M 1,1 M 1,1 M 1,1 M -1,2 _|_ "-l,l"l,l"-l,l"l,l"l,2 , u -l,l"l,l"-l,l"-l,l M -l,2 
~T 9 ~T 9 



M -l,l"-l,l"-l,l"i|l"-i,2 _|_ M M M M M -i,i M l^2 M -i,i i "-y'u"^"^"-!,! 
9 ~r 9 ~r 9 



+ 



, M 1,1 M 1,1 M -1,2 M 1,1 M -1,1 _|_ M -1,1 M 1,1 M 1,2 M 1,1 M -1,1 _|_ M -1,1 M 1,1 M -1,2 M 1,1 M 1,1 
I 9 ~T 9 ~T 9 



M± 1 ,M5 t ,« ± , oU^i i « ± 



,± „.± ..± „.± ..± 



1,1 U, 1,1"-1,2 U, -1,1"-1,1 , "-L1 -1,1 -l,2"l,l -LI _|_ "1,1 "1,2 "-1,1 "1,1 "-1,1 

~r 9 ~r 9 



M -l,l"l,2"l,l"l,l"-l,l _|_ M -1,1 M 1,2 M -1,1 M 1,1 M 1,1 , "-l,l M l,2 M -l,l"-l,l M -l,l 
9 ~r 9 I 9 



M -l,l"-l,2"-l,l"l,l"-l,l _i_ n l,2 M l,l M -l,l M l,l"-l,l _|_ "-l^"!,!"!,!"!,!"-] 
' " " " ~T 9 ~T 



,± „.± ..± „.± 



u -l,2 u M"-l|l' t U''M _i_ "-l,2"lil"-l,l"-l,l"-l,l _|_ M -l,2 tt -l,l tt -l,l tt M' u -l,l 

9 ~T 9 ~T 9 



0; (A.20) 



(21) 0((±t)- 3 exp{3ir±}), 



12A 0^6 - 36X U 5,6 + 2A 0^3,3^1 u t2 + 2A M± 3,3 U l^l + 2X U -3,4: U 1,1 U 1,1 



1,1"-1,1 U 1,1 U -1,1 U 1,2 | "1,1"-1,1"1,1"-1,2"1,1 



U, ,U i ,11, ,u , „u. 



U l,l U -l,l U l,2 U -l,l U tl 



"i,i M -l,2 tt M tt -l,l M M 



+ 



m l2 u -i,i 1 'u''-i,i"m 



2 

0; 



(A.21) 



(22) C>((±t)- 3 exp{-2ir ± }), 



!6A^^ 5i6 



2 Ao u ti n± l,i n -3,4 — 2 Ao^ 1 n^ 1)2 M ± 3 i 3 — 2AqM^! 



± 



3,3"-l,2 



2 Ao u l^l n -3,4 M -l,l ~~ 2 Ao w 1^2 n ^l,l n ^3,3 ~~ 2 Ao M 1^2 M ^3,3 t ''-l,l ~~ ^O^S 11 -!,!^!^ 



v2„,± „,± „,± 



2„,± „,± „,± 



y2„,± „,± ± 



4Ag«J 3 ui 1)2 tii 1)1 - 4Agu^ 4 t£ 1)1 t£ ljl + 



2„,± „,± „,± 



"-l,l"l,l"-l,l"l,l"-l,2 



+ 



M -l,l"l,l M -l,l M l,2 M -l,l 
2 



M -l,l"tl M -l,2 M U U -l,l 



I 1.1 "1^2"- 1.1 "ill"- 1.1 . "-l,2 M tl"-l,l"tl"-l,l 

2 2 



0; (A.22) 



(23) 0((±r 7 /2 exp{ir ± }) , 



vu 



1,5 



± A qz/'m^s ln |t| 4 , , 5m^ 5 Opu^ ii/'u±' 3 ln |t| _^ ^"u^ In | 

2 h 4A n 17 it + — + , + 



32A, 







64A f 1 



ii/'u^3 ln |t| «A u*' 5 mj 5 (z/) 2 ii* 3 (ln |t|) 2 A ^'«^ 6 ln|t| 



± 



"64A3- 



+ 



4A^± 



1,3 



2-^2 64Ag 1 2 

v2l^"„,± „,± \2l73^„,± „,± o\27^^,± „,± 



+ 6l>? ~ 64^ ~ 2 Ao u l,l n l,l n l,5 ~ 2 Ao u l,l u -l,l tt 3,5 ~ 2 Ao tt l,l M l,2' u l,4 
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2tf) u l,l u -l,2 u 3,4: ^^0 u t,l u t,3 u t,3 ^^0 u t,l u -l,3 u 3,3 ^^0 u t,l u f,3 u -l,i 



2XqU^ 2 u ± 11 u 3A — 2Ao?J^ 2 n^ 2 tt^3 — 2AoU^ 2 ^-i,2' u 3^3 

^"^0^2^3^-1,2 ~~ ^AqTJ^TX^T/,^ — 2AQ?J^ 2 'U^47y,^ 1)1 
4 A u 3^3 u :tl u 3^3 + 2Ao^ ± 3 i 3'"^i'U ± 3 i 3 — 2AoU^ 3 M^ lil tt^;- 



- 2A 0^2 U M^4 

— 2Agtl^ 2 tt^ 3 tl^ 2 — 2Agtt^ 2 U^ 3 



ZA U 1,3 U 1,1 U 1,3 ^ A u 3,3 u l,l"3,3 "•" z/v u -3,3 "l,l "-3,3 ZA U 1,3 U -1,1 U 3,3 

+2A^^3 i3 n ± 1)1 u ± li 3 - 2AguJ 3 iiJ 2 uJ 2 + 2Xlu% 3 u ± 12 u ± 12 - 2A ! ^ 3 u^ 3 u^ 1 
-4AgtiJ 3 uJ 3 «J 1 + 2Ag^ 3 3 7j^ 3 3 7jJ 1 - 2A^J 3 u 3 t 3 u ± lil + 2A ^± 33 u± 13 7j± 1)1 
-2Xluf A uf jlU f j2 + 2Ag«i 3)4 «i lil u^ li2 - 2Xluf A uf 2 uf 1 + 2Ag«i 3i4 ui 1)2 «i 1)1 
-2^^ + 2X^ ) u\ 1 u\ 1 + + ^^V"l*l 

u'u^ 1 U^2 u \ 2 ' n 1*1 "'"l l"l 3 U 1 1 l n 1*1 "' K l 1% 3 U - 1 1 l n 1*1 "'"l 2 U 1 l"l 2 ' n 1*1 

^ ' 8A^ ' ' 8X^T ' ! S\T^ ' ' 8A^ 



l " i i ■ i - — ■ i . i J..:;-- 1. 1. ••■ I "'"i,i"3,3"-i,i ^ n 1*1 , K "i,2"i,i": 

8A 8A 8A + 8A 

8A 8A 8A + 8A 

i ( u tl)' u -l,l U 3,3 -r i) /- "m"-1,3 -r *("-!, l)'"-l.l"l> -,- '("u)'"^"^ 

+ 8A + 8A + 8A + 8A 

■ r; " " 2' z.'L~ -- ' 1 *^'"u"m ^ 

+ 8An i 8An i 8A n ^ 8A 

"-1,2 



"v^i.iy "-i,!"^ -,- 'v "1,1 -i.3 -,- "_\^-r L u ""-i.i "1,3 -j- "y l.i' " , i,2" , i,2 

8A + 8A + 8A 8A 

»("-!, l)'"^"-!, 2 »("-!. l)'"-!^"^ '( M u)'^3"y '("u)'^"-!,! 

8A 8A„ ^ 8A ^ 8A 

'("-l.l)'"-!^"^! zr ^"-1- -r- ^l^' U tl U l,2 '("- 1.2 )'"m"- 1 ,- 

8A ' 8A + 8A + 8A 

H u — 1,2,1 u — l,2"l,l 




1,1 " — i.i - "1,1 " — I 1,1 " — i,i "-i,z"i,i "i,z I i,i " — i,i - — " — 1,1 " — 

2 2 2 

"-l,l"l,l"l,2"-l,l"l,2 _|_ "-l,l"-l,l"l,2"l,l"l,2 , "-l,l"-l,l"l,2"-l,l"-l,2 
2 2 " + " 2 

I "-l,l"-l,l"-l,2"-l,l"l^2 . "u'm'm"^"^ i "M"l|l"ll2"-l,2"-l,l 
2 2 2 

i "l.l"l.l"-l,2"-1.2"l,l _|_ "l.l"-l,l"l,2"l,2"-l.l _|_ "l,l"-l.l"-l,2"l,2"l,l 
2 "I" 2 "T" 2 

"l,l"- 1,1 "-1,2"- 1,2"- 1,1 _|_ "-l,l"l,l"l,2"-l,2"l,l _|_ "-l,l"-l,l"l,2"l,2"l,l 
2 ~T~ 2 "T" 2 

"-1,1 "-1,1 "l,2"- 1.2"- 1,1 _|_ "-l,l"-l,l"-l,2"-l,2"l,l _|_ "l,l"l,2"l,l"l,l"l.2 
2 ~r 2 "1" 2 

^/ -1 -1 1 XL -| -1 "?X -1 -1 Ui -1 /-j -1 -1 -1 /-j \i> -1 -1 ^/ -1 -1 XL -1 r\ XL -| -1 XL -1 r\ XL -| -1 XL -1 -1 XL ry 



I "-l.l"-l.l"l,2"-1.2"-l,l _|_ "-l,l"-l,l"-1.2"-l,2"l,l _|_ "l,l"l,2"l,l"l,l"l,2 
r 2 "I" 2 "I" 2 

I "l.l"l.2"l,l"-l.l"-l,2 _|_ "l.l "l,2 "-1,1 "-1,1 "l.2 _|_ "l,l"-1.2"l,l"l.l"-l,2 
"T" 2 "r 2 2 

I "l,l"-l,2"-l,l"l,l"l,2 _|_ "l,l "-1,2 "-1,1 "-l,l"- 1.2 _|_ "-l,l"l,2"l,l"-l.l"l,2 
2 2 "1" 2 

± ± ± ± ± — ± ± — ± ± ± ± ± 

"-l,l"-l,2"l,l"l,l"l,2 _|_ "-l,l"-l,2"l,l"-l,l"-l,2 1 "-l,l"-l,2"-l,l"-l,l"l,2 
2 ~T~ 2 " i " 2 
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2 2 2 



M 1.1 M -1,2 M -1.1 M 1,2 M 1,1 , "l,l"-1.2 M -l,l"-1.2 M -l, l 
2 "r 2 



2 

u -l,l"-l,2"l,l"-l,2 M -l,l 
2 



2 

I M M"-1,2»- 
"i" 2 

I M -l.l"-1.2"l,2" -l.l 
"r 2 



-l,2"-l,l"-l,l _|_ M -l,l"l,2"l,2"-l,l u l.l _|_ 
2 "r 2 "r 2 

,= n M I "m m m"^i m m"^2 
~ i ~ 2 



M -l,l M -l,2 M -1.2 M -l,l"l,l _|_ 
2 ~*" 



'l,2"l,l"l,l"-l.l"-l,2 _|_ "l.2"l,l"-l,l"-l,l"l.2 ■ M l,2 M -l.l"l,l"l.l 
2 "r 2 2 



•1,1 
2 



2 "i" 2 + 2 

"l,2 M -Ll"-l,l"l,l u l,2 _|_ "l,2"-l,l"-l,l"-l,l"-l,2 _|_ "-l^"!,! - "!,!"-!,!"!^ 
2 2 2 



M-l,2»-l,l"M»M 



u l,2 , u -l 



+ 



"-l,2"-l,l"-l,l 
2 



'-1.2»-1, 1 M L1 U -1,1 M -1,2 , 
2 i " 

„± ITS - , ± 7± 

L, 21,1— 1,1— 1.2 
2 



-1,1 M -I,l»t2 



- 



i U l,l 



| "1,2 

"_i,2"i; 



4 



4 



z 

, M -l,2"-l,l"-l,l"-l,2"l,l _i_ M 1,2 M 1,1 M 1,2 M 1,1 M 1,1 _|_ ' 

1 " 2 "r" 2 "r" " z 

"l,2 M l,l M -l,2 M -l,l M l,l _|_ "l,2"-l,l M l,2"l,l"-l,l _|_ "l^"-!,!"-!^"!,!"!.! 

2 2 "T" 2 

"l,2"-l,l"-l,2 u -l,l 1 '-l,l _|_ M -l,2 M l,l"l,2 M -l,l n l.l _|_ "-l^"-!,!"!^"!,! - "!,! 

2 "r 2 "r 2 

I M -1,2 M -1,1 M 1,2 M -1,1 M -1,1 _|_ "-l^"-!,!"-!^"-!,!"!,! , M 1,2 M 1,2 M 1,1 M 1,1 M 1,1 

2 ~T~ 2 2 

, "l,2 M l,2 M l,l"-l.l M -l,l _|_ M 1.2 M l,2 tt -l,l tt -l,l M l.l _|_ "l^"-!^"!,!"!,!"-!,! 

2 2 "T" 2 

"^2"-l,2"-l,l' 
2 



B -l,l"-l,l M U M -l,l"-l,3 _|_ M -l,l tt -l,l tt -l,l M lll M .%3 . "-l,l"-l,l"-l,l"-l,l M L3 
2 "i" 2 2 

i M l,l"l,l"l.l"l,3"l,l _i_ "l,l M l,l M l,l M -l,3 M -l,l i "l.l"!,!"-!,!"-!^"!,! 
2 2 2 

, M l.l"l.l M -l,l M -3.3 M -l,l _|_ n l,l M -l,l"l.l M 3,3 M l,l _|_ "l,l"-l.l u l,l"l.3 M -l,l 
2 "T 2 "T 2 

, m i^i m -i,i"-i,i"i^3"m i "m"-i,i"-i,i"-i,3"-i.i i "-i,i"ti"u"-i.3°M 

1 " 2 2 2 
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M -1,1 M ~1,1 M 1,1 M -1,3 M -1,1 _|_ n -l,l tt -l,l n -l,l M -l,3 M l,l 

9 ~r o 



2 



,± ,.± „,± „.± »,± 



,± „,± ..± „.± ..± 



i M 1,1 M 1,1 M 1,3 M 1,1 M 1,1 _|_ "l,l"l,l"3,3"l,l"-l,l I "l.l^l.l^-l.B"-!,! - "!,! 
T n T n T" n 



,± z± — „.± 



,± I± — „.± 



,± r± — „,± 



i "l.l M l,l M l,3 M -l,l M -l,l _|_ "l,l"-l,l u -l,3"l.l"l,l _|_ M l,l M -l,l"l,3 M l,l M -l,l 
2 2 "T" 2 



I M l,l"-l,l"-3,3 M -l,l M l,l _|_ M l,l M -l,l M -l,3 M -l,l n -l,l _|_ "-l.l^l.l^B^"!,! - "!,! 
~T n ~T o ~T 9 



,± ,,± »,± „.± „.± 



1^1 3^-1 1^1 1 ^ — 1 1^1 1 qW 1 n W 



, M -l,l"-l,l"3,3"l,l"-l,l _i_ n -l,l ?t -l,l n -l,3 U -l,l ?t l,l 
I 9 I 



L.I." I ! ''. L.I i M -l,l M -l.l"l,3 M l,l M l,l 

2 

± I± „.± I± „.± 



+ 



U -l,l u -l,l'"l,3 U -l,l U -l,l 



M l,l"l,3"l,l"l,l"l,l 



+ 



U 1,1 U -1,3 M 1,1 U 1,1 U -1,1 i U 1,1 U 3,3 U 1,1 U -1,1 U 1,1 



,± ,,± ».± ,.± ».± 



,± »,± „.± »,± „,± 



,± „.± »,± ,.± »,± 



i M l,l"l,3 M l,l M -l,l"-l,l _|_ M 1,1 M -1,3 M -1,1 M 1,1 M 1,1 _|_ M l,l M -3,3 M -l,l M l,l'"-l,l 
T 9 ~T 9 ~T 9 



± ± ± ± ± ± 

*1,1"1,3" , -1,1"-1,1" , 1,1 , "1,1"-1,3"-1,1"-1,1 U -1,1 , "-l,l M -l,3"l,l M l,l M l,l 
~T 9 ~T 9 



U -1,1 U -3,3 U 1,1 U 1,1 U -1,1 I M -1,1 M 1,3 M 1,1 M -1,1 M 1,1 I "-1,L m -1 ! 3"l,i"-L,1 m -L,1 



^ + 



,± ..± „.± «.± „.± 



;t -l,l"-3,3"-l,l"l,l"l,l , M -l,l"-l,3"-l,l"-l,l"l,l i U -1,1 U - , i,3 U -1,1 U -1,1 U -1,1 
2 2 2 

i M 1^3"l,l"l,l"l,l"l,l I M -1,3 M -1,1 M 1,1 M 1,1 M 1,1 _|_ "3^3"l,l"-l,l"l,l"l,l 
~T 9 ~T 9 T 9 



+ 



+ 



^1 3^1 1^—1 1^-1 l^L 1 ' " ' " 1 " 1 ' " 

H ! 9 : r 



± «± «± «± 

1,3 -1,1-1,1 -1,1 "l,l 



+ 



■*3,3 U, 1,1'*1,1"1, 1-1,1 



"l,3 M -l,l"l,l M l,l"-l,l _|_ M 3,3 M -1,1 M -1,1 M 1,1 M -1,1 _|_ M l,3 M l,l"l, l"-l,l "-1,1 
9 ~T 9 ~T 9 



"-l,3 u -l,l"l,l"-l,l"-l,l _i_ M 3,3"l,l"-l,l"-l,l"-l,l _i_ "l,3"-l,l tt -l,l lt -l,l M -l,l 
2 ~T~ 2 ~*~ 2 

I *U B M*11*U*12 _ rv. 
-|- 2 — u ' 



(24) 0((±t)- 7 / 2 ), 



(A.23) 



±itii 



± 5 ^-l,5 _ iA M -'l,5 

-1,5 +2+2 



-1,3 



-1,3 



v2„,± „.± „.± 



2„,± „,± „.± 



+ 64A*" ~ 64a!T ~ 2A W 1,1 U 1,1 U -1,5 ~ 2X U 1,1 «-l,l«l,5 



— 2AQ«f i^i^-i ,4 ~~ 2Ao«f ± 2 uf 4 — 2Aguf iuf 3 tt^ 1 3 — 2AgU,f 1 tt^ 1 g^f 3 



>27^„,± 



v27T~„,± 



-2A^^ 1 nJ 3 ^3 i3 - 2A cKl^3,3 n 3;3 - ^O^l^M^ - 2 K u tl U lA U 



± „.± 



-1,2 



- 2A O w tl M -l,5 M y - 2A 0^il u i5 n -l,l - 2A 0^2 u tl u± l,4 - 2> l u i2 u± l,l u lA 
- 2A 0^2^2^-1,3 - 2A 0^i2 u -l,2^3 ~ 2A 0^2 U -1,3^2 ~ ^0^2^3^-1,2 

— 2Ao^ 2 n -l,4' U tl ~~ ^0 U t,2 u t,4 u -l,l ~~ 2A tl t3 n ^l U -l,3 — ^AQU^gtl^tl^g 

-2Ag«J 3 ui 1)1 «J 3 - 4Ag«J 3 ui 1)1 «J 3 + 2A§«i 3i 3«^ 1)1 u^3 ) 3 - 4Ag«J 3 «J 2 «J 2 

— 2Ao^ 3 n ± 12 it^ 2 — 2Aon^ 3 ti^ 2 tt^ 12 — 2AoU^ 3 n ± li3 ii^ 1 — 4AoW^ 3 tt^ 3 tt^ 1 
-2Ag«J 3 uJ 3 ui 1)1 - 4Ag^ 3 u 3 ^ 3 u ± 11 + 2Ag^ 3i3 n ± 3i3 u ± 11 - 4Ag«J 4 «J 1 «J 2 

— 2 ^0 tt M n -l,l tl ^2 — 2A w M tl l^l tl -l,2 — ^-^O^^^^^l — 2A tt M M -l,2 tl l t l 
_2 ^0 tt M n 1^2 n -l,l ~ ^O^^^l^l ~ 2A u ^5 tt± l,l n l^l ~ ^AqM^U^!^!^ 
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+ 



.In I 



i..:: ' , u ' u Zi u t 1A uf- A \n\t\ u'uf A uf 2 u± 12 ln\t\ u'uf lU ^ 12 uf 2 ln\t\ 



8A 



+ 



8A + 8A 



+ 



8A 
7^„,± „,± 



i^'m^jM^j^ 3 «j x In |t| i/'u^-j^u^gU^j In |t| i/iij 2 u i 2 In |t| i/u* 2 u ^i i u i 2 ^ n I 



v u 12 u 12 u_ 11 



In 



8A 



+ 



i/m 12 m_ 12 m m ln|t| ^"3,3"i,i"i,iln|*l _,_ ^' M i,3 M -i,l"l,l ln 1*1 



8A 



4A 



+ 



8A 



iy / -U li 3M 11 M_ la ln|f| »("i,i)'"i,i"-i, 3 '(»1,i) /m -L1 M 1,3 H«_l,l)' tt l,l u _3,3 



8A 



8A 



8A 



*("-!, l)'"-l, l"-l,3 ^l)^2^1^ ^"m)'"-!^"^ »("-!, l) /- "-l,2"-l, 2 

1 8Aq I SXn + SAn + 



8A(, 



8A 



8A 



i(u 11 )'u_ 13 U 11 »K,i)S,3"-l,l _ l)'"-3,3"l,l ^-l,l)' u -l,3 u -l,l 

+ 8A ' ' 8A n + 



8A0 
8A0 



8A0 



8A0 



^("^'"m"-!^ -,- '("u)'"-!,!'^ '("-l, 2 )'"-l,l"-l,2 ^("^'"l^"-!,! 

I 8Aq ' 8An I 8An T" 



8A 



8A 



=F 



»( M l,2) /- "-l,2 M l,l -_- j ("-l,2)'"-l,2 M -l,l -_- ^^j^M^M —j— »("l,3)'"-l,l"l,l 



8A 



8A 



8A 



8A 



- r i ( u l,3Y u l,l u -l,l _ »("-l, 3 )'»-l,l"-l,l , "M^l^M^M"-!^ 
SX„ + 8A i ~ 



8A0 



,± „.± ...± 



■ M 1,1 M 1,1 M -1,1 M 1,2 M 1,2 _|_ M 1,1 M 1,1 M -1,1 M -1,2 M -1,2 1 "l,l M -l,l M -l,l M l,2 M -l,2 
2 2 2 



M -l,l"l,l"l,l"l,2"l,2 _|_ I " : '' : . '' _J 1 '•' 1 : i 1 ' '' .- ' I J 



+ 



w — 1. l^-l.l^l l"l 2"— 1 2 ^—i 1^1 o^i 



-1,1 "-1,1 "-1,1 "1,2 "1,2 



'-l,l"-l,l''-l,l''-l,2 M -l,2 



,± „.± „.± ..± „.± 



,± „.± „.± „.± „.± 



■ M 1,1 M 1,1 M 1.2 M 1,1 M -1,2 _|_ M 1,1 M 1,1 M -1,2 M 1,1 M 1,2 1 "l,l M l,l M -l,2 M -l,l M -l,2 
2 2 2 



M l^l"- 1,1 "-1,2 "l,l "-1,2 



+ 



-1,1"1,1"1,2"1,1"1,2 



+ 



U -1,1 U 1,1 U 1,2 U -1,1"-1,2 



U -1,1 U 1,1 U -1,2 U -1,1 U 1,2 



+ 



l,l u — 1,1 U 1,2 U 1,1 U — 1,2 



+ 



U -1,1 U -1,1 U -1,2 U 1,1 U 1,2 



,± „.± ..± „.± ..± 



,± ..± ...± ...± „.± 



u -l,l"-l,l"-l,2"-l,l"-l,2 1 M 1,1 M 1,1 M 1,2 M 1,2 M -1,1 _|_ "l,l"l,l"-l,2"l,2"l,l 
2 + 2 2 



M M"m"-1,2»-1,2 M -1,1 



~T~ o "To 



1,1 U 1,1 U 1,2 W -1,2 U -1,1 



+ 



-1,1 "1,1 "-1,2 "-1,2 "1,1 



+ 



U -1,1 U -1.1 U 1,2 U 1,2 U -1,1 



M -l,l"-l,l"-l,2 M l,2 M l,l 



+ 



"-l,l"-l,l M -l,2 , '-l,2''-l,l 



+ 



"l.l"!^"!,!"!, 1^-1,2 



M l^l"l,2"-l,l"l,l"l,2 



1 M M M 1,2 M -1,1 M -1,1 M -1,2 I "tl"-l.2 M -l,l"l,l 1 '-l|2 



M -l.l' u l,2 u l,l lt l,l u 1.2 



+ 



U -1,1 U 1,2 U 1,1 U -1,1 U -1.2 



+ 



U -1,1 U 1,2 U -1,1 U -1,1 U 1,2 



,± ...± „.± 



1, 1 1,2^1, l"l,l"- 1,2 



+ 



M -1,1 M -1,2 M -1,1 M 1,1 M 1,2 



+ 



"-l,l"-l,2"-l,l"-l,l"-l,2 
2 



M 1,1 M 1,2 M 1,1 M 1, 2^-1,1 



+ 



"l,l"l,2"-l,l"l,2"l,l 



+ 



tt l,l tt l,2 tt -l,l tt -l,2 M -l,l 



U l,l u ^l,2 u ^l,l u l!2' u -l,l 



+ 



U -1,1 U 1,2 U 1,1 U 1,2 U 1,1 



+ 



1,1"1,2"1, 1-1, 2-1,1 



M -l,l"l,2"-l,l"-l,2"l,l 



+ 



"-l,l"-l,2 u l,l"l,2"-l,l 



+ 



-1,1 "-1,2 "-1,1 "-1,2 "-1,1 



^ + 



*1,1"1,2"1,2"1,1"-1,1 



2 

U 1,1 U 1,2 U -1,2 U 1,1 U 1,1 



+ 



I "l,l"l,2"-l,2"-l,l"-l,l _i_ M l,l M -l,2 M -l,2 M l,l"-l,l _|_ U -1,1 U 1,2 U 1,2 U 1,1 U 1,1 



M -l,l M l,2 M l,2 M -l,l"-l,l 



,± ...= 



+ 



M -1,1 M 1,2 M -1,2 M -1,1 M 1,1 



+ 



2 
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M -l,l"-1.2"-l,2 M M'"M l "-1.1 M -1,2 M -1.2 M -1,1 M ~1,1 I M 1^2 M m'"M M M M -1,2 
2 2 2 

t l,2"l,l"-l,l"l,l"l,2 _|_ "l.2 M l,l lt -l,l tt -l,l n -l,2 _|_ "l^"-!.!"-!,!"!,!"-!, 

2 "r 2 "r 2 

I 1( 1( 1» 1( K 1( 1i 1< 1( K 1( 



2 1 2 

i M -1,2 M 1,1 M 1,1 M 1,1 M 1,2 _|_ M -1,2 M 1,1 M 1,1 M -1,1 M -1,2 , "-l^"!,!"-!,!"-!,!"!^ 
2 2 ^ 2 

"-1.2"-l,l"l,l"l,l"-l,2 _|_ M -1,2 M -1,1 M -1,1 M 1,1 M 1,2 , "-l,2"-Ll"-l,l"-Ll M -l,2 
2 "T" 2 2 

i M 1,2 M 1,1 M 1,1 M 1,2 M -1,1 _|_ M 1.2 M 1,1 M -1.1 M 1,2 M 1.1 , "l, 2 "l,l"-l,l M -l. 2"- 1,1 
2 2 2 



z z 

I "l,2 u -l.l u -l,l"l, 2^-1,1 _|_ n -1.2 M l,l M l,l M l,2 M l,l _|_ " 
2 2 

M -l,2"l,l"-l,l"-l, 2"l,l I "-1.2 u -l,l u l.l"l,2"-l.l _i_ 
2 "i" 2 "r" 

■ ~~ ,.± r^ - 



"-l,2"l,l"l,l"-l,2"-l,l 
2 



"-l,2"-l,l M -l,l"-1.2 M -l,l , M 1,2 M 1,1 M 1,2 M 1,1 
2 + 2 



A 

M -l,2 M -l.l M -l,l"l.2 M l.l 
2 

l,2"l,l -l,2"l,l u l,l 
2 



2 _ 

M l,2 M -l,l"-l,2 M l,l M -l,l _|_ "-l^"!,! - "!^"!,! - "!,! 
2 "T" 2 




, U 1,1 U 1,1 U 1,1 U 3,3 U 1,1 i u l,l 

+ 2 + 2 T — 

, M l,l"l,l"-l,l"-l,3"-l,l _i_ M l,l"-l,l"l,l"3,3"-l,l _i_ M l,l tt -l,l tt -l,l M 3,3'"l,l 
2 "T" 2 "T" 2 

I "l,!"-!,!"-!,!"!, 3^-1,1 i n -l,l M l,l M l,l M l,3 M l,l , 3^-1,1 
2 "I" 2 "I" 2 

I M -l,l"l,l"-l,l"-l,3"l,l _i_ "-l,l"l,l"-l,l"-3,3"-l,l _i_ "-l.l"-!,!"!,!^^"!,! 
+ ' 2 2 2 

"-l.l"-l.l"M"l^3"-l,l i M -1,1 M -1,1 M -1.1 M :L3 M M i 1 . 1 1. 1 1 , 1 M - 1.3 M - 1 , 1 

2 t 2 2 

, M M tt M tt -l,3 M M M M _|_ u t,i u t,i u t,3 u t.i u -i,i , u t,l u t,l u -3,3 u -l,l U t,l 
2 "r 2 "i" 2 



2 

, M M tt M tt -l,3 M M M M _|_ "m"m"i|3"i!i"-i,i , "tl U U l '-3,3''-ll"tl 
2 "r 2 "i" 2 

M l,l"l,l"-l,3"-l,l"-l,l _i_ "l,l"-l,l M -3,3"l,l"l,l i "l.l"-!,!"-!^"!,! - "-!,! 
2 2 2 

, M l,l"-l.l"-3,3"-l.l"-l,l _|_ n -l,l M l,l M l,3 M l,l M l,l _|_ "-l,l"l,l M 3,3"l,l"-l,l 

r 2 2 "T 2 

M -l,l"l,l"-l,3"-l,l"l,l I "-l.l"l,l"l.3 M -l,l"-l.l I "-l,l"-l,l"-l,3"l.l"l.l 

2 2 "T" 2 
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U -l,l"-l.l"t3 M u"-l|l I "-l.l"-l,l"-3.3"-l,l"u i 1 , 1 1. 1 1 ,3 M - 1, 1 

2 t 2 2 



M 1,1 M 3,3 M 1,1 M 1,1 M 1,1 _|_ "l,l"l,3"l,l"l.l"-l.l I "l.l^a.a"!,!"-!.!"-!,! 

2 "r 2 ^ 2 



I M 1,1 M 1,3 M -1,1 M 1,1 M 1,1 _|_ "l,l"-l,3 u -l,l"l,l"-l,l _i_ M 1,1 M 3,3 M -1,1 M -1,1 M 1,1 



I M 1,1 M 1,3 M -1,1 M -1,1 M -1,1 _|_ M -1,1 M 1,3 M 1,1 M 1,1 M 1,1 _|_ M -l,l M -l,3"l,l M l,l M -l,l 
2 "T" 2 "r" 2 



M -l,l"3,3"l,l"-l,l"l,l I "-l,l"l,3"l,l"-l,l U -l,l i M -1,1 M -1,3"-1,1 M 1,1 M 1,1 



U -1,1 U -3,3 U -1,1 U 1,1 U -1,1 _|_ u -l,l"l,3"-l,l"-l,l"l,l i U -1,1 U -1,3 U -1,1 U -1,1 U -1,1 
~T 9 ~T 



2^2 ^ " 2 

m -1,3 m m m M m m'"m _i_ "-3,3 m -i,i"m'"m m m _i_ "i^3 m m m -i,i m m'"m 
o ~r o ~r i 



I M -l,3"-l,l"-l,l"l,l"l,l I M -3,3 M 1,1 M 1,1 M -1,1 M 1,1 _|_ "-l,3"l,l"-l,l"-l,l"l,l 
T n ~T q T" n 



"-S.S"-!,!"-!,!"-!,!"!,! i M 1,3 M 1,1 M 1,1 M 1,1 M -1,1 , "-l,3"-l,l"l,l"l,l"-l,l 
T Q T n 



1 < 1 < 1 



| "-3,3"-l,l"l,l"-l,l u -l,l _|_ M 1,3 M 1,1 M -1,1 M -1,1 M -1,1 _|_ "-l,3"-l,l"-l,l"-l,l"-l,l g. ^ 

(25) 0((±t)- 7 / 2 exp{2ir ± }), 



iAon^g ii/'u^g In |t| 



2i/uJ 5 - A ^uJ 5 In |t| + 8Ag«J 7 ± itiif 5 t ^ 

iu"uf In \t\ iu'uf In \t\ +, . (i/) 2 u± 3 (ln|t|) 2 ox , + 
T 32^ ± 32Ajj ± iA 0^3,5 ± *«3,5 16^ + 2A 0^ U 3,5 ln 1*1 



''3,5 ■_ j- _ " 

+~ 2 + i6Ajf 
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1,1 -1-1 1, 2 "-1,2"- 1,1 



+ 



U M lt -l,l n ^l,2 1i ^l,2"M 



+ 



u± i 1 1 " r 



-1,1 -1,1 1,2 -1,2 "1,1 



+ 



U 1,1 U -1,2 U 1,1 U 1,1 U 1,2 



"l.l"-!^"!,!"- 1,1 "-1,2 



I "l.l"-!^"-!,!"-!,!"!^ _|_ u -l,l"-l,2"l,l"-l,l M l,2 , 



U 1,1 U 1,2 U 1,1 U -1,2 U 1,1 



,± r± — „± 



,± IT" 



I M l,l"-l,2"l,l M l,2 M l,l _|_ "l,l"-l,2"l,l"-l,2 u -l,l I "l,l M -l,2 M -l,l M -l,2 M l,l 



M — l,l M -l,2"l,l M — 1,2 M 1,1 



u l!l' !i l,2 U l,2 U -l,l U l,l 



+ 



U 1,1 U — 1,2 U 1,2 U 1,1 U 1,1 



-^U_-^ 2^1 2^-1 1^-1 1 ^1.1^ — 1 2^-1 2^-1 1^1.1 " 1 1 ' "'' 1 1 ' 



± u ± u ± u ± u± 

l,l"-l,2"l,2 u -l,l"l,l 



,± I± „.± 



I *1,2"1,1"1,1"-1,1"1,2 _i_ "L2"-l,l"l,l"l,l"L2 , "l,2"-l,l"l,l"-l,l"-l,2 
< 9 < 9 i 9 



' I 1 " I...L " I.I." " I. . 2 |_ M - 1,2^-1, l"l,l"-l,l M l, 2 j "I 2 " . I. "J . I " I 2 ' ' 

T 9 ~T~ 



I M l,2 M -l,l"l,l"l,2 M l,l _|_ M 1,2 M -1,1 M 1,1 M -1,2 M -1,1 , "l, 2 "-l,l"-l,l"-l, 2^1,1 
T n T o "r 9 



,± „,± „,± „,± 



, m -1,2"-1,i"m"-1,2"m , M ^2 M l,l M l,2 M -l,l"l,l | " I..2" I...I " 1 2" I I. " I 



U 1,2 U - 1,1 "1,2"- 1,1 "-1,1 _|_ M 1,2 M -1,1 M -1,2 M -1,1 M 1,1 



+ 



"-l,2"-l,l"l,2 u -l,l"l,l 



"l t 2"l,2"l,l"-l,l"l,l _|_ "l,2"-l,2 M l,l"l,l"l,l 1 "l,2 M -l,2 M l,l M -l,l M -l,l 



"l^"-!^"-!,!"-!,!"!,! , M -l,2"-l,2"l,l"-l,l"l,l , tt M M l,l M l,l M l,l' u 3,3 
2 "1" 2 "1" 2 



"l,l"l,l"l,l"-l,l"l,3 



+ 



u l,l u l,l u -l,l u -l,l u 3,3 



+ 



I "l.l"-!,!"!,!"-!,!"-!^ 1 "l,l M -l,l M -l,l M l,l M 3,3 , "l,l"-l,l tt -l,l"-l,l"l,3 
' ~T 9 ~T 9 



-l,l"l,l"l,l -1,1.3,3 



+ 



■± «± it* 
-1,1 "-1,1 "l,l "1,1 "3,3 



l,l u ^l,l u M u ^l,l u l^3 



M -l,l"-l,l"-l,l"-l,l"3,3 _i_ M l,l"l,l"l,l"-l,3"l,l _i_ "l,l"l,l"l,l"-3,3"-l,l 
n T r> T o 



,.± ..± „.± 



,± ».± „.± »,± „.± 



l,l"l, l"-l, 1 "-3,3 "1,1 _|_ "l,l"-l,l"l,l"l,3"l,l j_ "1,1 "-1,1 "1,1 "-1,3 "-1,1 



+ 



U 1,1 U -1,1 U -1,1 U -1,3 U 1,1 



+ 



n,l "-1,1 "-1,1 "-3,3 -1,1 



+ 



U 1 , U, , Ui , u 



-l,l"l,l"l,l"-3,3"l,l 



-1,1 "-1,1 1,1 "-1,3 1,1 



+ 



-1,1-1,1 "1,1-3, 3 -1,1 



+ 



-1,1 "-1,1 "-1,1 "-3,3 1,1 
2 



M 1,1 M 1,1 M 3,3 M 1,1 M 1,1 



1 M 1,1 M 1,1 M 1,3 M -1,1 M 1,1 1 "l.l"!,!^^"-!,!"-!,! 
~T 9 T n 



' : I. " I. I. " I " I . I. " 1 : 1 "l,l"-l,l"3,3"l,l"-l,l 1 " J .J " I ^_ 1. I. " I.. I 

T 9 "T 9 



I M l,l tt -l,l tt l,3' U -l,l t '-l,l _|_ n -l,l M l,l M 3,3 M -l,l M l,l _|_ M -l,l M -l,l tt 3,3 M l,l"l,l 



J 3,S 
2 



u -1,i"-1,i"^3"-1,i"m _|_ "-1 I " " 1 ""' ' ? ' x ,!ilJ____ : - : " ! " : ''' ' ''' 



+ 



W-^-j^W 3 3^1 1^1 1^ 11 ^1 1^1 3^1 1^ 11^11 !; ' ' ' ' " ' ; '' 

H '■ 9 ' I ' 9 ' 



1,1 U -1,3 U 1,1 U -1,1 U -1,1 



l,l"-3,3 -l,l"l,l 1,1 _|_ "1,1-1, 3 -1,1-1,1 1,1 j_ "1,1 "-3,3 -1,1 "-1,1 -1,1 



+ 



u - 1, 1 u - 3, 3 U 1,1 u l,l u l,l 



+ 



.,l"-l,3 U l,l U -l,l 1 



+ 



u -l.l !i -3,3 1I l l l''-l,l 1l -l,l 



M -l,l"-3,3 tt -l,l"-l,l"l,l 



I "3,3 M l,l M l,l"l,l M l,l _i_ M l,3 M -l,l"l,l M l,l M l,l 
' 9 ' 9 
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I M 3,3"l,l"-l,l"-l.l"l,l I "l.3"-l,l"-l,l"-l,l"l,l I "3,3"- 1.1 "l.l"!,!"- 1,1 
~*~ 2 "r 2 "i" 2 

I n 3,3 M l,l M l,l M -l,l"-l,l _|_ M l,3 M -l,l"l,l M -l,l n -l,l ■ "3,3"-l,l"-l,l"-l,l"-l,l 



= 0; (A.25) 



(26) OdiQ-Wexpi-ir*}), 



2 4A u -3,7 

,,±/ 



1 A i/ 
-^-3,5 + 2 

^'«_ 3 3 In |t| iAou_ 3 5 

64A^ ^ 2"^ ^ if 



4„,± _L A+„;± —r— 5iu -3,5 _ » A 0"-3,5 I ^"-3,3 ln 1*1 

l u -3,7 ± uu -3,5 + 2 T 2 ± 32A^ 

W-3,5 _ (^) 2 "-3,3( ln l f D 2 , -W"- 3 ,5 ln l*l 
2 64A^ h 2 



iu"u_ 3 3 In |t| iv'u_ 3 3 
64A^ ^ 64Af 

±/i ±1 

' ' : " feff - 2A o^ii^ii«-3,5 - 2Ag^ 1 n± 1;1 ^ li5 



-4Ag«i 3>7 + ^# - - 2Ag«J 1 uJ 1 «^ 3i5 - 2Agn± 1 n± 11 ^ li5 - 2A ; u± 1 u± 2 u: 

— 2Agii^ 1 it i : lj2 ti^ lj4 — 2Agtt^ 1 it^ 3 n^3 i 3 — 2AQU^ 1 ii i : li 3ti^ lj 3 — 2AoM^ 1 n^ 3)3 it^3 

- 2X o u f,i u %A u t,2 ~ 2A o w i;i n -i,4^i,2 - 2X l u i,i u -3,s u ii - 2X o u t,i u -i,5 u -i,i 
-2\£uf - 2Xiuf 



2Ao«^1^2 n -3,4 



-2Ag«J 1 u^ 3)4 «J 2 - 2Agu^ 1 n^ lj4 n^ li2 - 2Ag^ 1 u^ 3i5 ^ 1 - 2Ag«J 1 ui 1)5 «i ljl 
— 2Agtt^ 2 it^ 1 u^ 34 — 2Ao^ 2 n[ t ljl n! i : li4 — 2Aon^ 2 u^ 2 tt^ 3)3 — 2Agti 1 ^ 2 ti^ lj2 n^ 1 3 
-2Ag«J 2 u^ 3)3 «J 2 - 2AguJ 2 i£ li3 i£ 1)2 - 2AguJ 2 «± 34 ^ 1 - 2Ag«J 2 ui 1)4 «i ljl 
-2Ag«J 3 nJ 1 u^ 3 3 - 4AguJ 3 «J 1 u^ 13 - 2AguJ 3 u^ 11 ^ 13 - 4AguJ 3 u ± 11 ^ 3 

/I \2„,± „,± „,± /) \2„,± „,± „,± o\2„,± „,± „,± o\2„,± „,± „,± 



4^o u t3' u -i,2 n ^2 4Ao"U 3 E 3 "u^ 2 u ± li2 2Ao'U^3 - u^ lj2 n^ 12 2AQU^ 3 tt^3 j3 u^ 1 
-4AguJ 3 ui 1)3 uJ 1 - 2AguJ 3 «i lj3 Tii 1)1 - 4AgTiJ 3 uJ 3 «i lil - 4Ag«J 4 ui 1)1 uJ 2 
-4Ag«J 4 uJ 1 ui 1)2 - 2A^^ 4 ^ 11 ^ 12 - 4Ag«J 4 u^ lj2 uJ 1 - 4Ag«J 4 «J 2 «i 1)1 
■ZAgi^uix^u^i,! - eAg^uJjuJi - 4Agu 3 E ^^ 11 uJ 1 - iXf^uf^u^ 

i'u^ l u^ l i u ^Zi 3 In \t\ u'u^ 1 u^ 1 2 u ^i 2 l n 1*1 
8A^ ' ' ' SAT !_ 



8A 



ZA U 1,5 U -1,1 U -1,1 ^ 8A^ 1 8A^ 

i/m^m^ 3^ ln|t| ^'«u»-l,3»-l,l ln l*l , ^V^ljl^ , ^"^"-l^"-!,! 111 

~r 8A0 + 8A0 + 8A0 + 8A0 

^"^"fi"-! i ln l*l , l/ ' u fa u -i i - "-! 1 ln 1*1 

4A + 8A + 

, ± 
,1 



I "'"3,3"-l,l 

4A 



:± ut, ln ri 

+ 



'-1.1 ln 1*1 _ ^"m) /u i;i"-3,3 

8An 




2 z 

M -l,l"-1.2"-l,l"l,l"-l,2 _|_ "l,l"l,2 u -l.l"l,2"-l.l _|_ 
2 2 
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n -l,l"lv 

2 



l"-!,!"^"^ i M -l.l"l^2"-l.l"-l,2 M -l,l I "-l,l M -1.2 M -l,l M t2' 

2 t 2 ^ 2 



I M 1,2 M 1,1 M -1,1 



M 1.1 M 1.2 M -1,2 M 1,1 M -1,1 _|_ M -1.1 M 1,2' 
2 

"-1,1 M -1,2 M -1,2 



2 



'-l,l lt l,2'"-l,2 M -l,l'"-l,l _|_ "-l.l"-!^"-!^"!,!"-! I i 2 " .1 LJ .1 - I. ' i 

2 2 2 

M -1.2 M l,l M l,l"l,l M -l,2 _|_ "-l,2"l,l"-l,l"l.l"l,2 , "-1,2 M 1,1 M -1,1 M -1,1 M -1,2 
2 2 2 

' 1 -1.2 U -1,\ U -1,1 U 1,\ U -1,2 _|_ M 1,2 M 1,1 M -1.1 M 1,2 M -1.1 _|_ "-1, 2 "l,l"l,l"l, 2^-1,1 
2 2 2 

'-l.l"-l,l"l,2 M -l,l 
2 



i M -l,2"-l,l"-l,l"l,l"-l,2 _|_ M 1,2 M 1,1 M -1,1 M 1,2 M -1.1 _|_ "-l^"!,! - "!,!"!^"-!,! 
r 2 2 2 

u — 1,2^1,1^—1,1^1,2^1,1 , n — 1, 2^1,1^—1, 1 U —1,2 U — 1,1 I U — 1,2 U — l,l u — l,l"l,2 w — 1. 

2 ' 1 ' 2 1 ' 2 ; 

I "l,2 M l.l M -l,2 M l,l M -l,l _|_ M -1,2 M 1,1 M 1,2 M 1,1 M -1.1 _|_ "-l,2"l.l"-l,2"l,l"l.l 
~*~ 2 2 "T" 2 

M -l,2"l,l"-l,2"-l,l"-l,l _|_ M -1.2 M -1,1 M -1.2 M 1,1 M -1.1 _|_ "l^"!^"-!,!"!,! 11 -!,! 
2 "r 2 "i" 2 

, M -l,2"l,2"l,l"l,l"-l,l _|_ M -1,2 M 1,2 M -1,1 M 1,1 M 1,1 , tt -l,2"l,2 tt -l,l' u -l,l tt -l,l 
r 2 2 2 

, "-1.2"-1.2"-l,l"i:i"-l,l , "u''i;i"M''u«-3.3 , "m"m"-1,i"m"-1,3 
2 "r" 2 "r" 2 

-i -i ^/ -i -i XL -i -i XL -i -i XL o o XL -i i XL -i XL i -i XL -i -i XL q q ^ -i -i XL -■ -1 XL -i -i XL -i 



2 1 2 1 2 

L l,l"l,l"-l,l"-l,l"-3,3 _i_ "l.l"-l,l M -l,l"l,l"-3,3 _i_ "-1,1 M 1,1 M 1,1 M 1,1 M -1,3 
2 2 t 2 

i "-l.l"!,! - "!,!"-!,!"^^ _|_ "-l,l"l,l"-l,l"l,l"l,3 _i_ "-l,l"l,l"-l,l"-l,l"-l,3 
+ " 2 2 "T" 2 

"-l,l M -l,l M l,l M l,l M -3,3 _|_ "-Ll M -l,l"-Ll"l,l M -L3 _|_ "-l,l M -l,l M -l,l M -l,l"-3,c 
2 T 2 2 

I M l,l"l,l"l.l u 3, 3^-1,1 _|_ "l,l"l,l"-l,l"3,3"l,l _i_ "l,l"l,l"-l,l"l,3"-l,l 
2 2 "T" 2 

, "l,l"-l,l"-l,l"3,3"-l,l _i_ M -l,l"l,l"l,l"3,3"l,l _i_ M -1,1 M 1,1 M 1,1 M 1,3 M -1,1 
2 "T" 2 2 

I M -l,l tt l,l tt -l,l M l,3 M l,l _|_ M -l,l"l,l"-l,l"-l,3 M -l.l _|_ M -1,1 M -1.1 M 1,1 "3, 3"- 1,1 
+ " 2 "r 2 "i" 2 

I M -l,l"-l,l"-l,l"3,3"l,l 1 1.1 "-1,1 "-1,1 "l,3 U - 1.1 1 "l.l^l.l^-S.B"!,! - "!,! 

2 "I" 2 "I" 2 

I M M"M"-l,3"l!l"-l,l 1 "u'm"^^"-!,!"-!,! _i_ "m"-1,i"-3,3"m"-1,1 

~t~ 2 2 "T" 2 

I M -1.1 M M M -1,3 M M M M _|_ "-U'tl"^"^"-!.! _i_ a -l,l M U M -3,3 M -l,l"tl 
2 "r 2 2 

"-l.l"!,!"-!^"-!,!"-!,! 1 M -l,l"-l,l"-3,3"l,l"l,l 1 "-l,l"-l,l"-l,3 M l,l M -Ll 
2 "T" 2 ~*~ 2 

I "-l,!"-!,!"^^"-!,!"-!,! 1 M 1,1 M 3,3 M 1,1 M 1,1 M -1,1 , M l,l M 3,3 M -l,l"l,l M l,l 
2 2 2 

1 " U l,l' U l,3 tt -l,l M l,l tt -l,l _|_ "l.l M 3,3"- 1.1 _|_ 1, 1 u 3, 3^1, l"l, 1^1.1 
~*~ 2 "T 2 "T 2 



1 " U l,l' U l,3 tt -l,l M l,l tt -l,l _|_ "l.l M 3,3"- 1.1 _|_ 1, 1 u 3, 3^1, l"l, 1^1.1 
~*~ 2 "T 2 "T 2 

■ M -l,l"l,3"l,l"l,l"-l,l _i_ M -l,l M 3,3 M l,l M -l,l"-l,l _|_ "-l,l"l,3"-l,l"l,l"l,l 
2 2 "T" 2 

tt -l,l tt -l,3 tt -l,l"l,l M -l,l _i_ u -l,l"3,3"-l.l"-l,l"l.l 1 "-l,l"l,3"-l,l"-l,l"-l,l 

2 T 2 ^ 2 

I "-3,3 u i|i"m"i|i"M 1 "-1,3"m"-1,i"m"m 1 "-3,3 M -l,l tt -l,l tt M -u lll 
2 "r 2 "r" 2 

I M -3,3"l,l"-l,l"-l,l"l,l 1 M -l,3 M l,l"l,l M l,l M -l,l 1 M -3,3 M -l,l M l,l M l,l"-l,l 
2 2 2 

M 1,3 M 1,1 M -1,1 M 1,1 M -1,1 _|_ M -1,3 M -1,1 M -1.1 M 1.1 M -1.1 _|_ M -3,3 M l,l"l.l M -l.l M -l,l 
2 "T 2 2 



^l M M M M M M I "-L3"m"-1,i°u''u 1 "-3,3 M -i,i"-i,i M M M lli 

r 2 "r 2 2 

M -3,3"l,l"-l,l"-l,l"l,l _i_ "-l,3"l,l"l,l"l,l"-l,l 1 "-3,3"-l,l"l,l"l,l"-l, 

2 2 2 

^-l.l"!,!"-!,! _|_ n -l,3"-l,l n -l,l M l,l"-l.l ■ "-3,3"l,l"l.l"-l.l"-l 
2 "T 2 "T 2 

-l,l"-l.l"-l,l r>. 

2 — U ' 



"-i,3"m"-i,i"-i,i"-i.i 1 
2 "r" 



^3,3^1,^ 



(A.26) 
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(27) OdityWexp&iT*}), 



_i_ 3Ao^'m^ - In \t\ ^ _i_ , . .4. 5i«^ r iAon^L 



3iAo«^5 3m^ 5 9Ao^'u* 5 In |t| 



5,5 



2^o u iji u 3j3 u 3j3 ^AqU^u^u^ + 2AqU^ 3) 3U^ 1 u^3 + 2AQtt^3 )3 n^ lil it^3 
+2AoM^ 3i3 n^ 2 n^ 2 + 2\QU^ 33 uf 3 uf 1 + SAgu^git^gu:^! + 2AQn^ 34 M^ 1 u^ 2 
+2Xlu% A uf :2 uf A + 2A§ui 3)5 uJ 1 uJ 1 + 4Agui 5)5 «i 1)1 tiJ 1 + 4Ag«i 5)5 «J 1 ui 1)1 

^"-B.a"^"^ 1 ' 1 !*! -r- l) /M M M ^3 »(»-!,! ) / »^ 3 "j fc l *( M -3,3 ^l U t,l 

8A ^ 8A ^ 8A ' 8A 



I "l,l"-Ll"l,l it -l,2 M l,2 _|_ "l,l tt -l,l M l,2 M -l,l"l,2 _|_ "l.l"-!,!"!^"-!^ - "!,! 



1 M 1,1 M -1,2 M 1,1 M -1,1 M 1,2 _|_ M 1,1 M -1,2 M 1,1 M -1,2 M 1,1 _|_ "l.l"-!^"!^"-!,! - "!,! 
2 2 "T" 2 



' I .2 " I . L " L. J. " 1,1^1^2 1 "u"-!,!"!,!"-!^"!,! . "^2 1,1 "l ,2 1,1 U l , 1 
T 9 T 9 



1 "l^"-!^"!,!"-!,!"!,! 1 n l , 1 U l , 1 U l , 1 M - 1 , 1 M 3,3 , U l , 1 1, 1 "l , 1 U l, 1 M 3,3 
T 9 T" 9 T" 9 



1 "l,!"-!,!"!,! - "-!, 1^1,3 1 1^3,3 1 "-l,l"-l,l"l,l"-l,l"3,3 

2 2 2 



"l.l^l.l^l.l^-B.S - "!,! _|_ "l.l - "-!,!"!,! - "-!^"!,! 1 "l, 1 1,1 U l , 1 3,3 M - 1 , 1 

9 ~r 9 ~r 9 



1 "l.l^-l.l^-l.l^-S.s"!,! _|_ M -l,l"-l,l"l,l"-3,3 M l,l _i_ "l.l"!,!^^"-!,!"!,! 
T 9 ~T O T 9 



1 "^"^l.l^'u'M 1 M M M -l,l"l^3 M -l,l n M 1 "M°-l,l°3^"-l,l"-l,l 
t 9 t 9 ~r 9 



"-l,l"~l,l M 3j3"-l,l"tl 1 "^"^"u"^"^ I ^ L " LJ -"'-- J 

- -- -- - -\- 9 -f- 



1 M l,l"-3,3"l,l"-l,l"-l,l _i_ "l,l"-3,3 M -l,l"-l,l"l,l 1 M -l,l M -3,3 M l,l"-l,l n l,l 

1 9 * 9 ~r 9 



^Ig^l^M^M^M 1 »3;3 m i;i m m"-i,i m M , u tx u -i,i u ti u -i,i u ti 
9 ~r 9 ~r 9 



I "3,3 M -l,l"-l,l M -l,l M l,l _j_ "3,3"-l,l"l,l"-l,l"-l,l Q. ^ 

(28) 0((±t)- 7 / 2 exp{-2ir ± }), 



"2^=5,5 + W-"± 5 ,5 ln 1*1 - 8A 0^= 5,7 ± **«=5,5 =F ~ =F 

^i\ u% 5 t itti 5>5 + 2A ^u ± 5 i 5 In |t| - 16A^^ 5 7 - 2AguJ 1 uJ 1 ui 5>5 
— 2AoU^ 1 n ± 11 u ± 3 5 — 2AgWi;in d : li 2^ d :3 i 4 — 2AoM^ 1 u d : 1) 3ti^3 j3 — 2AoM^ 1 n ± 3i3 it ± lj3 
-2Ag«J 1 ui 3>4 ui 1)2 - 2AguJ 1 «i 5j5 «J 1 - 2Ag«J 1 ui 3)5 «i lil - 2\ 2 u± 2 u± l lU ± 3 4 

— 2^0 u t,2 u -l,2 u -3,3 ~ 2Ao^2 u -3,3 u -l,2 ~~ ^0^2^3,4^1,1 — 4AQU 3 ^ 3 ii^ 1 U^3 i 3 

-2Ag«J 3 ui 1)1 ui 3) 3 - 4AguJ 3 ui 1)1 ui 1)3 - 4Ag^ 3 n ± 1)2 u ± 12 - 4A^ 3 t 3 u^3 i 3uJ 1 
-2Ag«J 3 ui 3) 3ui lil - 4AguJ 3 n^ li3 n^ lil - 4Agu 3 t 4 u± 1)1 u ± 12 - 4AguJ 4 i£ lj2 ui 1)1 

27T-„± „± _ fi^ITVi „± _ /1 x2^,± „± , "'<i"*i,i»-3,3 ln l*l 



± „■ \ „.±' 

-5,5 



"SAg^u^^^ - eAgitg^u^jU.^! - 4Ag« 3j5 u_ 1)1 «_ 1)1 + 



8A0 



8A 4A ' 8A ' 8A 

-— - ^( M 3^3 )'"-!,! "-1,1 _|_ "-1,1 U M U -I,l"t2"-1,2 1 U -l,l"M"-l,2"l|l"-l,2 , "-l,! 11 ^"-!^"^"-!,! 
' 8A0 2 "I" 2 "i" 2 



52 



-1,1 1,2 -1,1 1,1 -1,2 



+ 



" ± 1.i"l2 I< -1.i"i2''^L1 



+ 



M -1,2 M 1,1 M -1,1 M 1,1 M -1,2 _|_ M -1,2 M 1,1 M -1,1 M 1,2 M -1,1 _|_ M -1,2 M 1,1 M -1,2 M 1,1 M -1,1 
9 T 9 ~~T~ 9 



^—1 2^1 2^—1 1^1 1^—1 1 ^1.1^1 1^-1 1^1 1^—3.3 " 1 " 1 1 " ' 1 " 

7T '' '' I ' 9 ' ' T 



± U± «± 
l,l"l,l"l,l"l, 1-3,3 



M -1,1 M 1,1 M -1,1 M 1,1 M -1,3 



+ 



M -l,l M l,l"-l,l M -l,l M -3,3 



+ 



"-l,l"-l,l"-l,l"l,l M -3,3 
2 



"l,l"l,l"-l,l"3,3"-l,l I "-l,l"l,l"l,l"3,3"-l,l i "-l,l"l,l"-l,l"3,3"l,l 
o T 9 T o 



U -1,1 U 1,1 U -1,1 U 1,3 U -1,1 



+ 



U -1,1 U -1,1 U -1,1 U 3,3 U -1,1 



+ 



"1,1 "1,1 "-3, 3 "1,1 -1,1 



-1,1"1,1"-3,3"1,1"1,1 



+ 



U -1,1 U 1,1 U -1,3 U 1,1 U -1,1 



+ 



"-M^l.l^-S.s"-!,!"-!,! 



I M -l,l"-l,l"-3,3"l,l"-l,l I M l,l"3,3"-l,l"l,l"-l,l I "-l.l^S.S - "!,!"!,! - "-!,! 
T n T" o ~T O 



, M -1,1 M 3,3 M -1,1 M 1,1 M 1,1 _|_ M -1,1 M 1,3 M -1,1 M 1,1 M -1,1 _i 



U -1,1 U 3,3 U -1,1 U -1,1 U -1,1 



u -3,3 U l,l U -l,l U l,l U i;i 



+ 



*-3,3"l,l"l,l"l,l"-l,l 



U -1,3 U 1,1 U -1,1 U 1,1 U -1,1 



"-3,3 M -l,l"-l,l M l,l M -l,l 



+ 



M -3,3 M l,l"-l,l"-l,l"-l,l 



0; 



(A.28) 



(29) 0((±t)- 7 / 2 exp{4ir ± }), 



+ 2A W -3,3^1^3;3 + 2A 0«-3,3«3;3^1 + 4A 0^-5,5 u t 1 U L 1 



M 1,1 M -1,1 M 1,1 M -1,1 M 3,3 _|_ M l,l M -l,l M l,l"-3,3 M l,l _|_ "l,l M -l,l' u 3,3 M -l,l "1,1 
~ f ~ 2 2 "T" 2 



| "1,1 -3,3 1,1-1, 1"!, 1 _|_ 3, 3 "-1,1 "1,1 "-1,1 "1,1 q. ^ 2g^) 

(30) <D{(±t)- 7 / 2 exp^r*}), 



-2A «i i i«_i ) i«_ 5 ,5 - 2A w l,l^-3,3 n -3,3 - 2A 0^1,l w -5,5^-l,l ~ 4A 0«3,3«-l,l u -3,3 



| -l,l"l,l"-3,3"l, 1-1,1 _|_ "-1,1 "3, 3 "-1,1 "1,1 "-1,1 _|_ "-3, 3 "1,1 "-1,1 "1,1 "-1,1 q ^ 3Q^) 
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